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Abstract

This thesis describes the development of strapdown Inertial Navigation System (INS)
algorithms for low cost Inertial Measurement Units (IMU). The term “low cost IMU”
is used to describe an IMU built with standard low grade gyros and accelerometers
which cannot conduct self-alignment. These algorithms motivated the development of
the INS error models and the Global Positioning System (GPS) error models for low
cost aiding in autonomous navigation.

This thesis has three principle contributions. The first is the development of strapdown
INS velocity, position and attitude error propagation models for large angle errors in
the computer frame approach. There are two sets of the models. The first set uses
psi angles to describe attitude errors. The other uses quaternions. These models differ
from other INS error models that they do not require small angle assumptions. The
second contribution is the development of low cost INS algorithms using the INS error
models developed in this thesis. There are two algorithms which use the two sets of INS
models. The main contribution of these algorithms is the in-motion alignment approach
with unknown initial conditions. The implementation of the algorithm using the psi
angle model involves the Extended Kalman Filter (EKF). The quaternions algorithm
uses the Distribution Approximation Filter (DAF). GPS measurements are used to aid
INS. It is argued that the quaternions approach gives better accuracy and requires less
computation. The third contribution is the GPS modelling in the frequency domain.
The equations of GPS position errors are derived to be identical second order systems
in the frequency domain. Feedback and feedforward filters for GPS error de-correlation
using INS information are presented.

The theoretical work is verified by a set of experiments using real data. A standard
GPS is used to verify the GPS modelling. The experimental results using a low cost
IMU and an aiding DGPS have shown that position, velocity and attitude accuracy
can be achieved using the algorithms presented in this thesis.
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Chapter 1

Introduction

1.1 The Objectives of this Thesis

This thesis develops algorithms for low cost inertial navigation systems (INS) based on
INS error propagation models. The algorithms are intended for use by a low cost iner-
tial measurement unit (IMU) to provide accurate navigation information, as position,
velocity and attitude, of the vehicle which carries the INS. The term “low cost IMU”
is used to describe an IMU built with standard low grade gyros and accelerometers.
To achieve the goal of algorithm development, three issues are addressed in this

thesis:

e Development of INS error models appropriate for low cost IMUs which determine

the accuracy and behaviour of the INS.
e Designing and tuning of the filter algorithms for such INS .

e Identifying sensor models which will be used in the filter algorithms.

1.2 Common Coordinate Systems Used in Navigation

Fundamental to the process of inertial navigation is the precise definition of a number

of Cartesian coordinate reference systems or frames [1]. Each frame is an orthogonal,



1.2 Common Coordinate Systems Used in Navigation 2

right handed axis set.

The following INS frames are defined and used in this thesis.

e Inertial frame (i-frame) is the frame in inertial space. Its origin is at the centre

of the Earth and axes are non-rotating with respect to the fixed stars.

e Earth frame (e-frame) is an earth-fixed frame whose origin is at the Earth centre,
z axis points to the north pole, y axis points to the Greenwich meridian in the
equatorial plane and the z axis completes the system to a right-hand coordinate

system.

e Body frame (b-frame) is a frame fixed to the vehicle. The accelerations and
angular rates generated by the strapdown accelerometers and gyros are measured

in b—frame.
e Computer frame (c-frame) is the local level frame at the INS computed position.

e Platform frame (p-frame) is the frame in which the transformed accelerations

from the accelerometers and angular rates from the gyros are solved.
e True frame (t-frame) is the true local level frame at the true position.

e Navigation frame (n-frame) is a user defined frame for navigation output. Any

frame defined above can be chosen as the navigation frame.

The schema of these frames are shown in the following chapters.

The Global Positioning System (GPS) is another navigation source used in this
thesis. The World Geodetic System WGS-84 is a coordinate system for GPS. WGS-84
is an Earth-centred Earth-fixed reference frame defined as follows [2]:

Origin: Earth’s centre of mass.

z-axis: Parallel to the direction of the conventional international origin for polar
motion, as defined by the Bureau International De L’HEURE (BIH) on the basis of the

latitudes adopted for the BIH stations.
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z-axis: Intersection of the WGS-84 reference meridian plane and the plane of the
mean astronomic equator, the reference meridian being parallel to the zero meridian
defined by the Bureau International De L’HEURE on the basis of the longitudes adopted
for the BIH stations.

y-axis: Completes a right-handed Earth-centred, Earth-fixed orthogonal coordinate
system, measured in the plan of the mean astronomic equator 90 degrees east of the

T-axis.

1.3 INS Error Models

An IMU usually contains a set of three orthogonal-installed accelerometers and three
orthogonal-installed gyros. When the accelerometers and the gyros are directly installed
in the vehicle body, the INS is called a strapdown INS (SINS). An inertial navigation
system is a real time algorithm to calculate the position, velocity and attitude of the
vehicle which carries the INS by integrating the acceleration and rotation rate signals
from an IMU.

The velocity and the position are calculated by double integration of the sum of
the gravitational acceleration and the non-gravitational acceleration from the three
accelerometers. For a strapdown INS, these integrations are performed in the coordinate
system in which the three accelerometers are installed. By integrating the rotation
rate signals from three gyros, the angular orientation of the three accelerometers is
determined. The calculated acceleration, velocity and position are transformed into
the desired navigation coordinate system by this orientation information.

Figure 1.1 shows the INS process. There are two main phases for INS operation:
the alignment phase and the navigation phase. The integration sequence starts from
the initial velocity, position and attitude. The process for determining these INS initial
conditions is called alignment. Any INS has to undergo this initial alignment phase
before it starts to navigate.

Any errors in either the alignment phase or the navigation phase will be integrated
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Figure 1.1: Inertial Navigation System

and will propagate over time. These errors determine the performance and the navi-
gation accuracy of the INS. Error analysis is based on error models. Error models also
serve for real-time failure detection and for the implementation of a data fusion filter
in the INS algorithms [3].

Most of the literature on INS is concerned with INS error propagation analysis and
models. There are two approaches to the derivation of INS error models [4]. One is
known as the phi-angle approach or the true frame approach. The other is known as
the psi-angle approach or the computer approach. The phi-angle approach perturbs
the INS equations in the local-level north-pointing Cartesian coordinate system that
corresponds to the true geographic location of the INS. The psi-angle approach per-
turbs the INS equations in the computer frame which is the local-level north-pointing
coordinate system that corresponds to the geographic location computed by the INS.
It has been shown that the models from these two approaches are equivalent and yield

identical results [5, 6, 7]. Modelling procedures and the perturbation rules have been
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unified in reference [3].

Most of the literature for INS modelling makes the assumption that all perturbation
attitude errors are small angles. The coordinate transformation in the modelling is
therefore presented by some approximation matrices.

However, in many cases, this small angle assumption will not hold. IMUs with low
accuracy cannot measure the earth rate which is the key vector for INS alignment. The
initial heading will be unknown. The corresponding attitude error in both the phi-angle
model and the psi-angle model could be up to £180 degrees making the small angle
approximation not valid.

In recent literature, attempts to model INS propagation errors with an unknown
heading were presented. Stepanov et al. presented a model considering a large heading
error and small tilt errors using the true frame [8]. Scherzinger developed a modified psi
angle model with arbitrary heading and small tilt errors using the psi-angle approach
[9, 10]. Four states are used to describe three psi angles. The psi angle 1, which
represents the correspondent heading error is split into two states sin(1),) and cos(1),).

Other INS models related to land vehicles and robotics applications are presented
in references [11, 12].

So far, an accurate psi angle model for three large error angles has not been discussed
in the literature. Development of such a psi angle model for all large attitude errors
using three single psi angles is one of the main contributions of this thesis.

An INS may compute the attitude using Euler angles, the direction cosine matrix
or the quaternions. The quaternions method is advantageous since it requires less
computation, gives better accuracy and avoids singularity [13]. Some INS error models
using quaternions have been developed using the infinitesimal angle assumption [13,
14, 15].

Error models using quaternions for three large errors have not been discussed in
the literature. The development of a quaternion based INS error propagation model for

large errors is another contribution of this thesis.
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1.4 Integrated INS Algorithms Using Error Models

The purpose of INS error modelling is to develop a model for INS algorithms. Based
on the two sets of models developed in this thesis, two INS algorithms are developed for
low cost IMU.

The term “low cost INS” in this thesis is used to describe an INS built with low
cost IMU components whose sensitivity is not enough to measure the earth rate. The
earth rate is a key input to INS initial alignment using gyrocompassing. In a case when
the earth rate cannot be measured by an INS, the alignment will not be performed
properly. To obtain the initial attitude, external sensors have to be used [16]. An
in-motion alignment algorithm makes use of other navigation information to determine
the attitude of the IMU. The Global Positioning System and other navigation sensors
are commonly used as aiding information for INS alignment purposes. The Kalman
filter is the most commonly used algorithm for fusing INS and other navigation data in
both INS alignment and navigation phases.

The Kalman filter is a linear statistical algorithm used to recursively estimate the
states of interest [17]. In INS algorithms, the states of interest usually consist of the
errors of the vehicle velocity, position, attitude, IMU sensor biases, errors from other
navigation systems and other relevant vehicle parameters. To aid in the estimation of
the states, the Kalman filter requires two models: the process model and the observation
model. The process model describes the propagation of the states. The observation
model describes the information supplied by a sensor as a function of the states, together
with a model of measurement noise. INS error propagation models are the main process
models used in most of the literature.

Many common processes cannot be represented adequately using linear models.
The psi angle model and the quaternions model developed in this thesis are based
on nonlinear models. The Extended Kalman Filter (EKF) is the most widely used
approach for a nonlinear filter algorithm [18]. The EKF predicts the states of the system

under the assumption that its process model and observation model are locally linear.
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The filter models are expanded using Jacobians. However, there are some problems
with the EKF [19]. The implementation difficulty of Jacobians is one shortcoming of
the EKF. The problems of the EKF motivated the development of a new filter algorithm
called the Distribution Approximation Filter (DAF) [19, 20, 21, 22, 23].

In this thesis, the EKF and DAF are used for the two INS algorithms respectively.
The algorithm with the psi angle model as the process model will use the EKF. The
quaternions model algorithm will use the DAF.

INS provides high frequency information and is considered a dead reckoning sensor
with an error that grows unbounded with time. External navigation sensors commonly
aid INS. GPS can provide low frequency navigation information without drift over time.
The integration of INS and GPS has been widely used for navigation. In this thesis,
GPS is used for observation to aid the INS.

There are important error sources in GPS measurement. GPS errors should be
modelled and estimated in the filter. This thesis presents new GPS shaping filters

which describe the GPS frequency characters.

1.5 Main Contributions of this Thesis

The main contributions of this thesis are:

The development of psi angle models in computer frame for large attitude errors.

e The development of quaternion models for large attitude errors.

¢ GPS modelling in the frequency domain.

e The development of an INS algorithm for low cost IMU using the psi angle ap-

proach.

e The development of an INS algorithm for low cost IMU using the quaternion

approach.
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These contributions are verified by a set of experimental implementations using a

low cost IMU and a GPS.

1.6 The Structure of this Thesis

This thesis does not have one central literature review. Rather, the literature relevant
to a particular topic will be cited at the beginning of each chapter.

Chapter 2 addresses the first two contributions of this thesis: development of
generic INS error propagation models for large attitude errors in the psi angle approach
and the quaternion approach.

The INS error models in the literature are reviewed at the beginning of this chap-
ter. The psi angle approach, the phi angle approach and the quaternion model in the
literature are also discussed. None of the models assumes three large attitude errors.

The INS error propagation models for large errors in the psi angle approach are
developed in this chapter. There are three models: the velocity error model, the position
error model and the attitude model. The models in three large errors, one large heading
error and two tilts errors, and three small errors are also examined.

Another set of INS models in quaternions for large errors is derived. The computer
approach is also used in these models. The quaternions and the frames used in this ap-
proach are discussed. The quaternion error propagation models for large misalignment
of the platform frame and the computer frame are extended.

Chapter 3 details the modelling of the GPS errors in the frequency domain. GPS
is the aiding navigation source for the INS algorithm. The chapter begins by reviewing
the previous work on GPS modelling in the frequency domain.

A GPS position error model is derived. It is proved that the transfer function of the
GPS position error in any frame has the identical poles and zero as the pseudo-range
error. The modelling method using power spectral density of the noise is detailed.

The de-correlation of the GPS coloured noise is also described. A shaping filter is

introduced to take into account the coloured noise. An example is also presented using
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feedforward and feedback filters.

Chapter 4 addresses the design of an INS algorithm for low cost IMUs with un-
known initial conditions using the psi angle approach in the computer frame.

The analytic coarse alignment method and gyrocompassing, which are the major
methods for self-alignment, are discussed. A new in-motion alignment is proposed.

In this chapter, a new algorithm is developed in the computer frame using the psi
angle approach with an unknown initial attitude using a low cost INS aided by a GPS.

The coarse alignment on ground for raw data process and IMU turn-on biases
estimation is discussed. A method to determine the coarse initial cosine direction
matrix is also presented.

Chapter 5 develops an INS algorithm for low cost IMUs in the computer frame
using quaternions. Quaternions errors are exploited using the misalignment of the
computer frame and the platform frame. The entire filter process model structure and
the process noise are discussed. The process noise vectors are reconstructed by a linear
combination of the white noise on the accelerometers and gyros in the body frame.

The Distribution Approximation Filter (DAF) is used to implement this algorithm.
The principle and the benefit of the DAF are briefly described.

Chapter 6 presents the experimental results for the INS algorithms using the psi
angle approach and the quaternion approach and GPS modelling.

Results of GPS modelling in the frequency domain are discussed. Modelling results
are shown. Power spectral density (PSD) of raw GPS position data and the calculated
PSDs by using the model parameters are compared by using a set of figures from the
experiments using a GPS receiver. The GPS model is validated with a set of plots in
the frequency domain and the time domain using the feed back de-correlation filter.

The experimental results are presented to verify the psi angle models, the quaternion
models and the INS algorithms for low cost IMU. The experiment uses a low cost IMU
aided by a DGPS. The results show how the heading errors are corrected from +180°
to £0.1°.

Finally, Chapter 7 summarizes the main contributions of this study and provides
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suggestions for further research.



Chapter 2

INS Error Propagation Models

2.1 Introduction

This chapter develops generic INS error propagation models for large attitude errors
using the psi angle approach and the quaternion approach.

Two approaches have been adopted in the literature: the psi angle approach and the
phi angle approach. The psi angle model and the phi error model are reviewed briefly
in Sections 2.2.4 and 2.2.5. In recent years, some models have been developed for large
heading errors in different frames. So far, there are no generic error propagation models
for large attitude errors. All quaternion error models in the literature use the small
angle assumption.

The INS error propagation models for large errors in the psi angle approach are
developed in Section 2.3. There are three models: the velocity error model, the position
error model and the attitude model. The velocity error model is developed in Section
2.3.1. The position error model has no difference between small angles and large angles.
Section 2.3.3 presents the psi angle model with all large error angles. The models for
three large errors, one large heading error and two tilt errors, and three small errors
are also discussed.

Another type of INS model using quaternions for large errors is developed in Section

2.4. The computer approach is also used in these models. The quaternions and the

11
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frames used in this approach are discussed in Section 2.4.1. The velocity error model
in the quaternion approach is developed in Section 2.4.2. The quaternion error propa-
gation models for large misalignment of the p—frame and the c—frame are extended in

Section 2.4.4.

2.2 INS Error Models Review

2.2.1 INS Error Models Review

In the design and operation of an INS, navigation errors determine INS performance
and accuracy.

Error models are developed by perturbing the nominal differential equations whose
solution yields the INS output of velocity, position and orientation. The nominal equa-
tions are based on Newton’s law. The basic equations can be expressed in different
coordinate systems or frames. In 1992, Goshen-Meskin and Bar-Itzhack presented a
unified approach and systematic methodology for developing INS error models [3]. It
was demonstrated that the error models developed in the different forms are equivalent.
A developer’s tool was presented in their work which indicated the model developing
steps to follow. Their INS error models had methodologies that produced equivalent
results [3].

In 1988, Bar-Itzhack and Berman approached the analysis of INS from a control
theory point of view [4]. The differential equations that describe INS error behaviour
were divided into equations describing the propagation of the translatory errors and
equations describing the propagation of the attitude errors. Both the translatory and
attitude error equations can be expressed in two different ways that yield two versions
of the translatory error equations and two versions of the attitude error equations. The
two versions of the translatory equations depend on whether the equations are posi-
tion error components or velocity error components. The two versions of the attitude
equations depend on whether the equation variables are components of the platform

to computer frame attitude difference, or components of the platform to true frame
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attitude difference. All of these versions are equivalent [6, 7].

These two approaches for INS error analysis are known as the phi angle approach
and the psi angle approach. The phi angle approach is also called the perturbation
approach or true frame approach. In the phi angle approach, the navigation equations
and error models are solved in the true frame (t{—frame). The psi angle approach is
also called the computer frame approach and solves the navigation equations in the
computer frame (c—frame).

Benson [5] derived error equations for INS using the perturbation approach and
the psi angle approach. This work shows the underlying assumptions and allows direct
comparison of the two methods. The two approaches are equivalent and yield identical
results.

The psi-angle error equation in the strapdown INS developed by Bar-Itzhack [24]
proved that apart from a sign change, the psi-angle differential equation in the error
analysis of the strapdown INS is identical to the one used in a conventional gimbled
INS.

There are some other INS error models but all are based on the assumption that

the angle errors are small [25, 26, 27].

2.2.2 INS Error Models for Azimuth Uncertainty

Both the psi angle and the phi angle approaches assume that the INS attitude errors
are small.

Analytic coarse alignment and gyrocompassing based on the measurement of the
gravity vector and the earth rate vector are the main principles for INS alignment. High
quality IMUs with high resolution can measure the earth rate. This aids the INS initial
alignment to reduce the initial attitude error to satisfy the small angle assumption. This
method cannot be used with low cost IMUs because they are not sensitive enough to
determine the earth rate. External heading sensors and tilt sensors have to be employed
to obtain the INS initial attitude.

A general error model for large attitude errors in all dimensions is required to avoid
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the use of external heading and tilt sensors.

So far, only a few works have attempted to model large angle errors and to consider,
for example, large heading uncertainty of IMU orientation.

Pham introduced a Kalman filter mechanization for the INS airstart system in 1992
[28]. This approach used two nonlinear states to describe one heading angle. The
attitude errors were not modelled. Dmitriyev, Stepanov and Shepel [8] presented an
INS error model considering large heading uncertainty and small tilt misalignment
errors using a true frame perturbation approach. The heading uncertainty is solved
with a piecewise-Gaussian approximation of a posterior density function. The error
model is built in the true frame with the assumption of two small tilt misalignments
and one large misalignment. The nonlinear characteristic of the problem is considered
in a short period. As a result, the heading misalignment rate is assumed to be zero. In
the misalignment error models, the rates of misalignment angles are coupled with the
velocity errors and the velocity errors are coupled with misalignment angles.

An approximate extended psi-angle model with large heading misalignment is pre-
sented in [9, 10] by Scherzinger using four states to describe the three psi-angles. The
model extension is very involved.

In Scherzinger’s model, an extended misalignment vector W, is defined as:

\Ile = [z/)x,z/)y,sinz/)z,cos 1/)2 - I]T (21)

with the psi angle [, 1y, 1,]” being the misalignment of the computer frame and the
platform frame.

The psi angle model for large azimuth misalignment is derived as:

(wic)6+ 02><1 Ep
T IS VO [ (22)

01x4 0 0

where (w¢,)c+ is the extended 1 x 4 vector of the rate between the computer frame.

eP is gyro error in p-frame and the inertial frame. [w;,w,,w,]T is the vector of the
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misalignment angular rate. For small azimuth misalignment, the error model turns to:

U,=—| o | xT,—| - __ (2.3)
01x4 0

which has a similar form to the psi angle model developed in the literature by Benson
[5] and Bar-Ithzack [24].

General INS error propagation models for all large angles have not been investigated

in the past. Models in the quaternion form have not been thoroughly investigated either.

In this chapter, general error models for three large attitude errors will be developed.

Two approaches are used in the error models: the psi angle approach and the quaternion

approach.

2.2.3 Quaternion Error Models Review

INS attitude calculation is based on the methods of Euler angles, direction cosine matrix
and quaternions. The psi angle model is applicable to the Euler angles and direction
cosine matrix methods. The quaternion method is more effective as it provides more
accuracy, requires less computation and avoids singularity in computation.

Error models in quaternions are consequently important when quaternion methods
are used.

Friedland [14] presented a number of models for a strapdown INS based on quater-
nions including dynamics and error propagation models. Small attitude errors as-
sumption is implied. Vathsal [15] derived error equations for quaternion propagation in
spacecraft navigation also with the small angle assumption. Roumeliotis and Sukhatme
[29] modelled quaternions in attitude as a constant plus a white noise using the infinites-
imal angle assumption. Another quaternion error differential equation was developed
by Crassidis and Markley [30] where the Riccati trajectories were introduced into error
quaternion trajectories. A numerical solution form of the quaternion error was given
by Lovren and Pieper [25]. The scale, skew and drift errors of INS were presented in

the numerical quaternion form.



2.2 INS Error Models Review 16

In 1998, Lee, Roh and Park [13] proposed equivalent tilt error models which were
applicable to the analysis of the terrestrial strapdown inertial navigation system based
on quaternions. In this work the computer approach was used. To derive the veloc-
ity and the attitude error models, small angle assumptions were considered to satisfy
equivalent tilt angle definition.

In situations where initial attitudes are unknown or large attitude perturbation
occurs, the previous INS error models will not satisfy the small angle assumption. So
far, to the best of the author’s knowledge there are no large error models employing
quaternions.

In this chapter, an INS velocity error model, a position error model and an attitude
error model are developed in the quaternion method in the computer frame. The
velocity error propagation is presented using quaternions. Attitude errors are presented
by the misalignment of the computer frame and the platform frame. Quaternion errors
are solved in the computer frame. No small angle assumption is made in the model
development. The models are suitable for both three small and large attitude errors

cases.

2.2.4 Psi Angle Approach Review

In the psi angle approach introduced by Benson [5], the navigation equations are solved
in the computer frame (c—frame). Error propagation models are derived from pertur-
bation of the c—frame solution. See Figure 2.1.

The computer frame (c—frame) is defined as the local level frame located at the
INS computed position. The platform frame (p—frame) is the frame in which the
transformed accelerations and angular rates from the accelerometers and gyros are
resolved. Psi-angle (¢) is the angle between the c—frame and the p—frame. ¢ =
[ by 0]

The velocity and attitude error models of the psi angle approach for small angles

are briefly introduced here.
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Figure 2.1: Computer frame, platform frame and three psi angles.

Velocity Error Model

The true INS velocity equation in the c—frame is given by:
Ve = f+ gl — (295 + )V (24)

where V¢ = [V, Vg, Vi5]T is the true velocity in the c-frame, ff is the true specific force
in the c-frame, g{ is the true gravity in the c-frame, €25, is the earth rate in the c-frame
and ¢, is the rotation rate from the c-frame to the earth frame. In the following™
represents observation and A represents error.

2, and Qf, are the skew symmetric matrices of wj, and wg.. In the east-north-up

frame with the local latitude ¢ :
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VIR,
wee = | VE/R, (2.6)
Vitg(o)/R,
where V¢ = [V7, V5, V7 T"is the INS velocity in the computer frame. R = [R,, R, R,)"
is the vector from the earth centre to the vehicle position.

The INS solves the following velocity Ve
e .
Vo o=+ VP 4§ — (205, + Qg )V© (2.7)

where f} is the true specific force in the p-frame and V? is the specific force error due
to accelerometers’ errors.
Assuming the psi angles are small, the velocity errors are solved in the c-frame by

subtracting (2.7) from (2.4) :
AVe = U x ff + VP + Ag® — (205, + QS )AV® (2.8)

U is the skew symmetric matrix of ¢ angles given by:

0 =9 ¢y
U=1| 4, 0 —iy (2.9)
_Q/)y 1/):1: 0
The gravity vector error is given by:
Ag° = [~w ARG, —wi ARy, —~w; AR{] (2.10)

ws is the Schuler frequency defined as ws = /g/7e, being g the gravity constant and 7

the earth radius.

Position Error Model

The position error model in the c-frame is derived from the velocity error model and is
given by Benson [5]:

ARC = —Q° AR + AV® (2.11)
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Figure 2.2: True frame and platform frame.

Attitude Error Model - Psi Angle Model

The psi angle model was introduced by Benson [5] and Bar-Itzhack [24]:
z/}p - _wfp X P + €P (2.12)

where 1/}1’ is the angular velocity of the p—frame with respect to the c-frame, € is the
gyro drift rate in the platform frame. wfp is the angular velocity of the p—frame in the

p—frame with respect to the inertial frame (i—frame).

2.2.5 Phi Angle Approach

In the phi angle approach, see Figure 2.2, the frame in which the navigation equations
are solved is the true frame (¢-frame).

The true frame is the true local level frame at the true position.

The phi angle ¢ = [}y, ¢y, ¢.]" is the angle between the true frame and the platform

frame.
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Velocity Error Model

Similar to the navigation equations in the computer frame, the true velocity equation

in the true frame is:
Vi = i +gt — (20, + QL) (2.13)

where V! = [V}, V), VAT is the true velocity in the t-frame, ff is the true specific force
in the t-frame, g! is the true gravity in the ¢-frame, Q, is the earth rate in the ¢-frame
and L, is the rotation rate from the c-frame with respect to the earth frame. Also Qf,
and Q. are the skew symmetric matrices of w!, and w!,.

Considering the same sources of errors, the INS velocity is:
xt N
Vo= (ff+VP)+3— (20, + QL) V! (2.14)

The skew symmetric matrix ® of the phi angle is:

0 —d. ¢y
=1 ¢, 0 —¢, (2.15)
_¢y ¢x 0

For small phi angles, the direction cosine matrix between the p—frame and the

t—frame holds the relationship:

1 _¢z ¢y
ng = ¢ 1 —¢p | =Isx3— @ (2.16)
_¢y ¢:v 1

where I35 is the 3 x 3 identity matrix.
The velocity error model for small phi angles is then derived by subtracting (2.13)
from (2.14):

AVt = —@ x fF+ VP + Agt — (20, + QL )AV? (2.17)
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Figure 2.3: Computer frame, platform frame and true frame.

Attitude Error Model - Phi Angle Model

Let wfp be the angular velocity of the platform frame with respect to the true frame
and let gb be the small angle approximation of wfp and define the difference of the psi

angle 1 and the phi angle ¢ as §0 = [06,, 56y, 0,]”. See Figure 2.3.

00=¢p—1 (2.18)
Identify dw as:

dw = 66 + wly x 50 (2.19)
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The phi angle equation is given by [5, 3, 9]:
wh, = ¢ = —wfp X ¢+ dw + P (2.20)

where P is the gyro drift in the p—frame.

Compared with the psi angle model (2.12), the phi angle model (2.20) contains the
item dw = 66 + W', x 6.

Considerable comparison of the psi angle model and the phi angle model has been
conducted in the literature [6, 7, 3, 5]. The equivalence of these two models has been

proven by Benson and other authors in [6, 7, 3, 5].

2.2.6 Summary

The INS error models have been categorized into two identical approaches: the psi
angle approach and the phi angle approach. Most of the models make the small angle
assumption. Recently, there has been some work on error models assuming small tilts
and large heading errors. To the best of the author’s knowledge, INS error propagation
models with three large attitude errors have not been presented before. The goal of
this chapter is to develop an INS velocity error propagation model, a position error
propagation model and a psi angle error model in the computer frame for all large
attitude errors. The error models in quaternion form will also be developed in this

chapter. The applications of these models will be discussed in the following chapters.

2.3 Development of Psi Angle Model for Large Errors

The INS velocity and position error models and the psi angle model for large angle
errors in the computer approach will be developed in this section using the computer

frame (c-frame) and the platform frame (p-frame).
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2.3.1 Velocity Error Propagation Model

The true velocity equation in the c-frame is given by:
VE = fi+gi = (29 + 2V (2.21)
The INS computer solves the following velocity V¢
Vo= fP 4+ VP 4+ g° — (205, + Q) Ve (2.22)

where f} is the true specific force in the p-frame and V? is the specific force error due
to the errors of the accelerometers.
Subtracting (2.22) by (2.21), the velocity error AV¢ = V¢~V solved in the ¢-frame

is given by
AVe = [ — f{ 4+ VP + Ag° — (205, + Q) AV (2.23)

The specific forces in the c-frame (ff) and the p-frame (f%) have the following
relationship:

fi=Cyx f} (2.24)

PP x g (2.25)

where C is the direction cosine matrix (DCM) between the p-frame and the c-frame

and Cf = (C5)~!. Therefore the velocity error model is:

AV = (CP — I3ys) ff + VP + Ag® — (205, + Q°)AVE (2.26)
= (I3x3 — Cp) ff + VP 4+ Ag® — (205, + Q¢ )AV® (2.27)

Let
Sy = Sin(d)x)a Cy = COS(@/):,;) (2'28)

sy = sin(thy), ¢y = cos(1hy)

sz = sin(y;), c; = cos(¢)z)
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For large ¢ angle the matrix Cj is given by:

CyCy — SySzpSz —CgSy SyCy + CySzS,
C;,f = | cySy + 8ySzCr CxCy SySz — CySgCy (2-29)
—8yCy Sy CyCs
The specific force is transferred to the p—frame using (2.27) instead of (2.26).
Equations (2.27) and (2.29) present the general velocity error propagation model
for large attitude errors.

In the case when 1z, 1, and 1), are all small, C can be simplified.

Sz = sin(¢y) = g, ¢ = cos(hy) =1 (2.30)
sy = sin(py) = 1y, ¢y = cos(hy) =1

s, =sin(y,) = ,,c, = cos(1h,) =1

and
sin(tg) sin(py) = sin(tpy) sin(1h;) = sin(¢);) sin(¢pz) =0 (2.31)
Thus:
CC = Iyxz + 0 (2.32)
OF = I35 — T (2.33)

where the skew symmetric matrix ¥ is given by (2.9).

Under the three small angles assumption, the velocity error Equation (2.27) becomes
AVe = (Izxz — C) fT + VP + Ag° — (20, + Q5,)AV®

=0 x ff+ VP + Ag° — (205, + Q5,)AV® (2.34)

=—U x ff+ VP + Ag® — (295, + QL )AVE (2.35)

Equations (2.34) or (2.35) and (2.32) or (2.33) are identical to the velocity error

model usually presented in the literature.
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It is important to study the case of large uncertainties in heading and low uncertain-
ties in tilt angles, that is large v, and small ¢, and 1), angles. With this assumption,

Cy in (2.27) can be approximated by [31]:

Cy —Sz Q/chz + g8,
Cop=1| s, —c: ys, —Puc, (2.36)
_d)y d):v 1

Then the matrix I3y3 — C’g in the velocity error model is given by:

1 —cosy, siny, — g sinp, — 1, cos P,
I3xs —Cp = | —sin(yp,) 1—cos(¢h,) +thycos(shs) — 1y sin(eh,) (2.37)
Yy — Py 0

The velocity error model with large heading error and small tilt errors is:

1- COS(@/)Z) Sin(z/)z) — Sin(d)z) - d)y COS(Q/)z)
AVe=| —sin(sh,)  1—cos(th:) +ibycos(ths) — by sin(p,) | 7
¢y —y 0
F VO Agt — (205, + Q°,)AVE (2.38)

2.3.2 Position Error Propagation Model

The position error model is the same as for the small angle case:

AR¢ = —Q° AR + AV* (2.39)

2.3.3 Psi Angle Error Model

A new general psi-angle model that can be used with large angle errors is derived in
this section.
The true transformation matrix Cj, which is the direction cosine matrix from the

b-frame to the c-frame, is obtained from [27]:

Cs = CeQb, — Q5.Cf (2.40)

c
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The INS solves Cg’ , which is the direction cosine matrix from the b-frame to the

p-frame, using measured gyro rates Qi-’b provided by the IMU:
CP =Pl — Q5.C? (2.41)

The rates Qi-’b contain gyro drift errors €®:

0 =+ € (2.42)
€’ is the skew symmetric matrix of the gyro drift vector [¢}, €, €2]” in the body frame:
0 —€ 62
o (2.43)
—eg e 0
Let
AC=C} - Cy (2.44)
Then
AC=C) —Cy (2.45)
-
= (I3x3 — C;)CY (2.46)

AC can be derived from (2.46) and (2.41). Differentiating equation (2.46), we have:

AC = (I35 — CE)CP — CLCP (2.47)
= (Isx3 — CL)(CPQ%, — Q5.CP) — CsCF
= CPQY, — Q5.CP — CLCPOb, + CL¥,CF — CECY
AC can also be obtained directly from AC = C} — Cg. Differentiating C} and Cf
we get:
AC = CP - C (2.48)
= Oy, — Q5.CF — Gy, + Q5.Cf

= Oy}, — Q5.CF — Gy oP, + Q5.C 0 (2.49)

ic'p
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Substituting (2.47) and (2.48):
CPQOb, — Q5,CP — CECPQL, + CoQs,CF — CeCF
= CPQY, — Q5,CP — CeCPb, + Q6,CoCh
Therefore
CeCP + CLCPOL, — CLQe,CY — CECPQb, + Q.CECY =0
Consider
Q= b+ &b (2.50)
post multiply both sides by Czl; gives:
Ce+ CsCP € CF — O, + Q5,05 =0 (2.51)

Let €P and €€ be the skew symmetric matrices of the gyro drift error vector in the

platform frame and the computer frame respectively:

0 —eb € 0 —€ €
— c__
el=1 & 0 —é |, €= € 0 —e;
D p c c
—€y €z 0 —€, € 0

(2.52)

The computed skew symmetric matrix ﬁgb is the sum of the true ng and €P:

Qp, = Qb+ €

And the computed ﬁgb is the sum of the true ng and € :
b, =0b+ e

For the computed (Algb and ﬁgb we have [27]:
ﬁﬁb = CIZ)) ﬁf,bC’g

Substituting (2.54) and (2.53) into (2.55) :

Ob,+ €= Cp (b, + €M) Cp

(2.53)

(2.54)

(2.55)

(2.56)
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For the true ng and ng we also have:
or, = cra,Ch (2.57)
Subtracting (2.57) from (2.56):
eP=CP e’ ¢t (2.58)
Similarly, it can also be proved that:
er—cp e (2:59
Pre multiplying C} to the above equation, we have:
Cp €= Cp(CF €° Cy) =€° C;) (2.60)
Replacing the term C5Cy €’ C? in (2.51) with (2.59) and (2.60):
CiCl e’ Cf = (2.61)
~cicp ey
=C, €”
=€ C,
Consequently (2.51) can be simplified as:
Co+ €° Cf — CEQS, + Q5.CE = 0 (2.62)
Replacing Cg = C;Qp, and left multiplying C7 (2.48) gives:
CpQl,+ €° Cp — CpQ;. + Q.0 =0 (2.63)
QF,+CP e Cp — Q, + C2Q.Cr =0 (2.64)
Notice that in (2.64):
Ccr e C, =€’ (2.65)
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And
Cr.Cp =, (2.66)
Then (2.64) changes to:
Q4+ e? Qi+ =0 (2.67)

O+ €? —Qf + QF are the sum of skew symmetric matrices of wf, + € — wf, + WP

Equation (2.67) can then be written in the following 3x1 vector form:

wh, + € —wi, +wh =0 (2.68)
with wfc = CPw§,:
w’c’p + & —wf, + b, = wﬁ’p + e — (I3 — CP)wy, (2.69)
=0 (2.70)
That is:
wk, = (I3x3 — CP)wj, — € (2.71)

with wf, = 1,/) being the angular rate between the c—frame and the p—frame solved in

the p—frame. Therefore:

P = (I3x3 — CP)wi, — € (2.72)

Equation (2.72) is the general psi-angle error model that can be used for large or

small angle errors.

When 1), 4, and 1), are all small,
1 1/12 _z/)y
Of= |~ 1 (2.73)
R
Equation (2.71) can be converted to small psi-angle model which is usually presented

in the literature:

=T xf, — € (2.74)
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As can be seen, it is a special approximation of the more general form given by
equation (2.72).
Another important case to consider is when ), 1, are small and 1), is large, I3x3 —

C? is simplified to :

I3xz — CF = Ixz — (C5) (2.75)
1—c¢, —5S, 1/;y
=1 s, l—e¢, —y (2.76)

— Sy — Q/chz +ppc, — @[)ysz 0

In this case, the psi-angle model is given by:

p=—e + (2.77)
1—c, —Sz pr
+ Sy 1- Cy _1/):1: wicc

—ypS, — d)ycz +ippc, — 7ijsz 0

c 3 1 .
where wy, is given by:

~Vi/R,
wic = | Vi) Ry + wie cos(¢p) (2.78)
Vitg(p)/ Ry + wie sin(y)
In this section, the INS propagation error models in velocity, position and attitude
for large attitude errors have been developed in the computer frame in the psi angle
approach. The models are identical to their corresponding small angle models when

the attitude errors are all small. INS error models using the quaternion approach will

be developed in the next section.
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Figure 2.4: Quaternions and frames.

2.4 Development of INS Error Models Using the Quater-

nion Approach

2.4.1 Quaternions and Coordinate Systems

In this section, INS error models for large attitude errors will be developed using quater-
nions. The computer approach is used here. The coordinate systems used in these
models are the computer frame, the body frame and the platform frame. The body
frame is at the IMU whose axes are the IMU body axes. See Figure 2.4.

INS navigation computes the attitude transformation from the body frame to the
platform frame. Quaternion Q} = [gs0, g1, gb2, @3] represents this rotation from the
body frame to the platform frame. Direct accelerometer outputs in the body frame are

transformed to the platform frame by left multiplying C'(QY) to the accelerations in the

body frame.

G+ ah — Gy —ah 2(a1a2 — Qo qe3) 2(qb1963 + Qb0 qp2)
Py __
C(Qy) = 2(q1q2 + Goq3) Gy — db + G0 — G5 2(a2963 — Q0gs1) (2.79)

2(qp1963 — Q092) 2(qo2qes + Qoqv1) Gy — G — G + s
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g is normalized in each computation at INS sampling time. The four elements

satisfy the constraint [32]:
o+ G + G + a3 =1 (2.80)

The computer frame is the local level frame at the INS computed position. The

rotation from the platform frame to the computer frame is represented by quaternion

Qp
Q5 = [q0, q1,42,03]" (2.81)

The transformation from the platform frame to the computer frame is given by the

matrix C(Qy):

G+a -6 -6  20e—q0) 2(q193 + q092)
C@Qp) = | 2qg+94) @ —a+a -6 2094 —qn) (2.82)
2(q193 — qoqz2) 2(q2q3 + qoq1) 95— 4 — @ + 43
The transformation from the body frame to the computer frame is represented by
the quaternion ()j. This rotation can be considered as two consecutive rotations from

the body frame to the platform frame, then to the computer frame. Thus:

Q=Q,®Q; (2.83)

where ® represents the quaternion multiplication. The transformation matrix C(Q})

is equal to the product of two transformation matrices.

C(Qp) = C(Qp) x C(Qy) (2.84)

The inconsistencies of the platform frame and the computer frame cause the naviga-
tion quaternion error Qf. Likewise the psi angles which are the misalignment angles be-
tween the platform frame and the computer frame, quaternion @} consequently stands
for the inconsistency of the p—frame and the c—frame. The attitude error model is

therefore transferred to the modelling of the quaternion Qj.
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2.4.2 Velocity Error Propagation Model

In the computer approach, INS velocity is solved in the computer frame. The true

velocity in the computer frame V© is given by:
Ve = ff 498 — (295 + Q¢ )V (2.85)

where ff is the true specific force resolved in the computer frame, g; is the gravity
vector resolved in the computer frame, 2f, is the matrix of the earth rate resolved in
the computer frame and )¢, is the matrix representing the rotation from the computer
frame to the earth frame.

Due to the existence of the error sources, the INS computes the following velocity:
e ~
Vi=(f + V) +3° — (29, + Qe )Vf* (2.86)

where f? is the true specific force resolved in the platform frame. V? is the bias of the
accelerometers in the platform frame and g° is the computed gravity vector.

Let AV® = ‘7,50 — V¢ be the velocity error. The velocity error propagation model is
obtained by subtracting (2.85) from (2.86):

Then:
AVe =1, — Ve (2.87)
= [(fF + VP) + 35 — (295, + QL )VE] — [ff + gf — (2%, + Q) V]
= (ff — f£) — (296, + QL )AVE + (G — gf) + V7
= (Isns — C(QY) ] — (29, + QL)AVE + VP + Ag"

where Ag® = (g° — ¢f) and ff = C(Qy) fP. The transformation quaternion matrix

C(Qy) is shown in (2.82). Therefore the velocity error model in quaternion form is
AVe = (I3 — C(Q5)) fF — (295, + Q5 )AVE + VP + Ag° (2.88)

This model is applicable to the full range of misalignment angles without small

angle errors assumption.
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2.4.3 Position Error Propagation Model

The position error model is de-coupled from the attitude errors [5]. It has the same
general form as the psi angle form. The psi angle and the quaternions do not appear

directly in the position error equation:

AR = —Q°,AR® + AV® (2.89)

2.4.4 Quaternion Error Propagation Model

Modelling the quaternion error is required to correct and update the navigation quater-
nions in real time at the sampling time.

The inconsistencies of the platform frame and the computer frame cause the naviga-
tion quaternion error Qé’ . The quaternion error is modelled using )5, which represents
the misalignment of the platform frame and the computer frame.

The quaternion @ satisfies the following differential equation:
= Lamge (2.90)
Qp - 2 chp .

where the 4x4 matrix Q) is a function of w¥, which is the rotation rate between the
c—frame and the p-frame solved in the p-frame. wf, = [d)x, z/}y, @[}z]T. And the psi angle

Y = [z, 1y, ;)T is the angle between the p-frame and the c-frame.

[ 0 _77[‘& _77[‘)y _1/‘)2 ]
O = % 0- v _?/)y (2.91)
Q/Jy _1/12 0 d)x
1/.)z 1/.)y _1/'):1: 0
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Extending (2.90) :

: 1
% = 5005

[0 g —dy b |||
1 O ¢
2 by —. 0 4y 92
| . Py~ 0 || @]
_ —¢xQ1 - 'QZ‘)yQQ - Z/'12613 ]
1 oo + 1P2q2 — ¢yQ3
2 %% — .q1 + 1203
i h2qo + Pyq1 — g ]
_ —q1 —q2 —q3 ] .
Yz
_ % G —q3 Q2 z/}y (2.92)
a3 do —q1 .
(2
| 2 Q1 qo |
Let
— -4 —q2 —4q3 ]
B % go —9¢B QG2 (2.93)
q3 9 —q1
| —92 1 qo |
Then
W
Q=B | 4, | =By (2.94)
P

The general psi angle model when all the psi angles are large is given by:

= (I —-CPwj, — € (2.95)
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The direction cosine matrix C¥ which is the transformation matrix from the com-

puter frame to the platform frame can be converted into the quaternions form as C(Q¥) :

@+ad—a—a 2ae+ ) 2(q193 — qog2))
CQ) = 2qe-—ws) @-F+E-3 2@+ an) (2.96)
2(q193 + qog2) 2(203 — 001) G- — B+

Therefore, the quaternion model is derived from the psi angle model:

QS = By
= B[(I — C(QV)wf, — ] (2.97)
That is
Q% = B(I - C(Q?))ws. — Be® (2.98)

Equations (2.98), (2.96) and (2.93) give the general quaternion error model without
small angle assumption. The term €? is the gyro error resolved in the platform frame,

c 3 - .
w;, is given by:

0 ~V¢/R,
wz-cc = | wie c()s((p) + V;/Rm (299)
wie Sin(¢p) Vitg(p)/ Ry

with wj. being the earth rate, ¢ the local latitude. R, and R, are the earth ra-
dius elements in the east and north direction in the c-frame. The INS velocity vector
Vi, Vi VT is resolved in the computer frame.

In this section, the INS velocity, position and attitude error propagation models for

large attitude errors were developed in the quaternion approach in the computer frame.

2.5 Summary

In this chapter INS error propagation models of velocity, position and attitude for

large attitude errors were developed. The models proposed are based on the psi angle
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method and the quaternion method. The error models using psi angles are for the
navigation using the direction cosine matrix. The quaternion models are for navigation
using quaternions.

There were no small angle assumptions in the development of these two sets of
models. These models become essential when the INS attitude errors are large. In the
later chapters, two INS algorithms using these models for INS in-motion alignment and

calibration are presented.



Chapter 3

GPS Modelling in Frequency

Domain

3.1 Introduction

The calibration and alignment of low cost IMUs requires an external aiding sensor. GPS
is an attractive sensor to aid INS in outdoor environment. To improve the operation
of the full system, it is important to model the main sources of GPS errors. This
chapter presents the determination of the GPS error model in the frequency domain.
The frequency domain is an appropriate method to capture, model and understand the
correlated errors that arise in GPS systems.

The navigation problem is generally split into two components: creating a process
model of the host vehicle and understanding or modelling the sensors to be used. The
process model of a navigation system describes the prediction of states which are typ-
ically the position, velocity, attitude and related parameters affecting these variables.
The INS error propagation models developed in this thesis are process models.

Section 3.2 overviews previous work on GPS modelling in the frequency domain.
GPS position error models are derived in Section 3.3. It is also proved in this section
that the transfer function of the GPS position error in any frame has identical poles

and zeros to the pseudo range error model. The modelling method using power spectral

38
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density of noise is described in Section 3.4. Section 3.5 describes the de-correlation of
GPS coloured noise. A shaping filter is introduced to facilitate the de-correlation task
using an additional sensor. Different types of feedforward and feedback filter structures

are proposed and the results are presented in the frequency and time domains.

3.2 GPS Frequency Domain Modelling Review

The Global Positioning System provides three-dimensional position and velocity in-
formation to users anywhere in the world. Position determination is based on the
measurement of the transit time of signals from at least four satellites. Accuracy in
the order of 1¢m-100m may be achieved depending on the type of GPS configuration.
The baseline constellation operates in 12-hour orbits. It provides visibility of 6 to 11
satellites at 5 degrees or more above the horizon to users. Signals are transmitted at
two L-band frequencies to permit corrections to be made for ionospheric delays in signal
propagation time. The signals are modulated with two codes: P, which provides for
precision measurement of time, and C'/A, which provides for easy lock-on to the desired
signal [33]. Four satellites are normally required for navigation purposes, and the four
offering the best geometry can be selected using ephemeris information transmitted by
the satellites. Ranges to the four satellites are determined by scaling the signal transit
time by the speed of light. The transmitted message contains ephemeris parameters
that enable users to calculate the position of each satellite at the time of transmission
of the signal. Operation of the system requires precise synchronization of space vehicle
clocks with “GPS system time”. The requirement for users to be equipped with pre-
cision clocks is eliminated by the use of range measurements from four satellites. The
four satellites permit an estimate of the user’s clock error. The user position equations
contain four unknowns consisting of position in three dimensions and the error in the
user’s imprecise clock.

The measurement of range to the satellites is called “pseudo range”. It is defined
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as
R=p+cxAt+n (3.1)

where R is the pseudo range to the satellite, p is the true range, c is the speed of
light, At is the receiver clock error and n is the correlated noise. Errors contained
in the pseudo range measurement can be divided into the following main categories
[33]: space vehicle clock errors, atmospheric delays, group delay, ephemeris errors,
multipath, receiver noise and resolution, receiver vehicle dynamics. The Differential
GPS (DGPS) is a method to correct the effects of measurement errors. This method can
help increase receiver accuracy from 100 metres to metres. The differential corrections
are calculated at a base station away from the user receiver. In a case where the DGPS
correction is unavailable or in between the correction update time, it is necessary for
the characteristics of the errors to be modelled. Some error modelling methods have
appeared in the literature [34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44]. To the best of the
author’s knowledge, there is no GPS error modelling theory using the receiver position

directly in the frequency domain.

3.2.1 GPS Receiver Clock Offset Model

The accuracy of the GPS range measurement relies on the accuracy of the transmitted
time measurement. Each GPS satellite clock is monitored and constantly adjusted to
be synchronous with GPS time. Each GPS receiver uses a low cost quartz oscillator
as its timing reference. The receiver clock offset is usually modelled by users. Cooper
[45] modeled this offset using a constant velocity model, because the receiver clock has

a reasonably constant frequency:

cét(t) _ 0 1 cA‘t(t) N 10 wp (1) (32)
cAt(t) 0 0 cAt(t) 0 1 wy (%)

where ¢ is the light speed, At(t) is the receiver clock offset at time ¢, w,(t) and w,(t)

are process noise.
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3.2.2 GPS Correlated Error Model

Cooper and Durrant-Whyte introduced a modelling technique in the frequency domain
[45]. The correlated error in the pseudo range is modelled using power spectral density
(PSD). It was shown that all the satellites have the same correlated noise (or coloured
noise) statistics. The power spectral density W;(s) of the correlated noise of each

satellite has the form of a fourth order system:

r(s+06)

_ 2
i) = [32 + 2aks + a2]

(3.3)

The transfer function (3.3) can be converted to state space form so that the correlated
noise can be estimated along with the original filter states. For a single satellite, the

correlated noise in the pseudo range at time ¢ is estimated as:

z1(t) —2ak 1 x1(t) T
= + wy (t) (3.4)
Zo(t) —a? 0 z2(t) rQ
where z1(t) is the state of interest, z5(¢) is the augmented state, w,(t) is a white noise

series, «, k,r and [ are the model parameters in (3.3).

Hence, the GPS error propagation model for a single satellite is:

i(t) = Fra(t) + Grup(t) (3.5)
where
[ cAl(t) ] 01 00 |
cAt(t) 0 0 0 0
z(t) = , B = (3.6)
z1(t) 00 —2ak 1
| z2(f) | | 00 —a? 0 |
and
10 0 ]
wp(t)
01 0
G, = s ur(t) = | wy(t) (3.7)
0 0 T
wr(t)
00 8




3.2 GPS Frequency Domain Modelling Review 42

In the example an INS was used as an external sensor, the INS indicated position
was converted into ”inertial-pseudo-range” by calculating the expected range to each
satellite using the inertially indicated position and the known satellite locations. The

converted inertial measurement R;,4(t) is given by:

Rins (t) = \/(Xsat (t) - Xins (t))2 + (Ysat(t) - Yins (t))2 + (Zsat(t) - Zins (t))2 (3'8)
where

[Xsat(t), Ysar(t), Zsqr(t)] is the satellite position in WGS-84 reference.

[Xins(t), Yins(t), Zins(t)] is the INS indicated vehicle position in WGS-84 reference.

The GPS uses the World Geodetic System WGS-84 as a reference. WGS-84 is an
earth fixed global reference frame, including an earth model. It is defined by a set of
parameters which define the shape of an earth ellipsoid, its angular velocity, the earth
mass which is included in the ellipsoid reference and a detailed gravity model of the
earth [46].

There are a number of shortcomings with this modelling method. The first is the
need to model the receiver’s clock offset. Further, all the pseudo ranges to all the
satellites in use have to be modelled. Assuming that a maximum of ten satellites may
be tracked at a given time, the total error model can add an additional twenty two states
to the process model used in the fusion filter. Finally, the measurement of other sensors
has to be converted into an equivalent pseudo range to match the GPS parameters.

These problems motivated the development of an improved modelling method by
using the position measurement directly without modelling the receiver’s clock offset
and the pseudo ranges of all the tracked satellites. The measurement of other sensors
may be used as position information without the need to convert into the equivalent
pseudo range. The number of the model states will be reduced to six. The improved

method is introduced in the following sections.



3.3 GPS Position Model 43

YLES

-. i
2 1 s

(! i o
ﬁ Fa ey L LS50

Figure 3.1: Satellites, receiver and ranges.

3.3 GPS Position Model

In this chapter the theory that the correlated position errors in any Cartesian coordi-
nates system have an identical model structure is presented . They can be represented
with a second order system driven by a white noise similar to Equation (3.3).

As shown in Figure 3.1, at time ¢ the coordinates of four visible satellites S, So, S3
and Sy in WGS-84 frame are (XY Z1), (X2,Y2, Z3), (X3,Y3,Z3) and (X4,Yy Zs). The
three axes of the WGS-84 frame are z, y and z. The position of the receiver in the

WGS-84 frame is (X,Y),Zo) and the true ranges from each satellite to the receiver are

p1, p2, p3 and py with

pi =V (Xi — X0)2+ (Vi — Yo)2 + (Zi — Zp)%, i = 1,2,3,4 (3.9)

The measured pseudo ranges R; (i = 1,2,3,4) are the combinations of the true
range, satellite clock offset range, receiver clock bias range and the correlated noise n;.

See Figure 3.2.
R; = p; + ¢ x (Dt; — Dty) +n;, i =1,2,3,4 (3.10)

where ¢ is the light speed, Dt; (i = 1,2,3,4) is the satellite clock bias and Dty is the

unknown receiver clock bias.
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Figure 3.2: GPS pseudo range and errors.

Assume the calculated receiver position from the pseudo ranges is ()Z' , ?, Z ).
X=Xo+D,, Y=Yo+D,, Z=2Z+D, (3.11)

where (D, Dy, D,) is the correlated position error.
The pseudo range R; (1 = 1,2,3,4) at the receiver true position (X Yy Zp) with
increment (D, Dy, D,) is:

X, — X Y, - Y, Z; — 4
_ [ OD:c_ 7 ODy— [ 0

Pi Pi Pi

R; = p; D, (3.12)

Let

o X=X . YiYo o o Zi—Zy (3.13)
' pi pi pi

Subtracting Equation (3.12) from (3.10) and leaving the terms containing position

errors on the left side:
a;D, + biDy +c¢D, = C(Dti - Dto) +n; (3.14)

For the four individual satellites, we have

a1 D, + ley +caD, = C(Dtl - Dto) +n1 (315)
as D, + b2Dy +coD, = C(DtQ - Dto) + noy (316)
asD, + bgDy +c3D, = C(Dtg — Dt[)) + ns (3.17)

as Dy + b4Dy + D, = C(Dt4 — Dt[)) =+ Ny (3.18)



3.3 GPS Position Model 45

Subtracting Equation (3.15) from (3.16), (3.17) and (3.18) respectively, the receiver

clock bias Dt is removed:

(a1 — az)Dx + (b1 — bg)Dy + (01 — CQ)DZ = C(Dt1 — DtQ) + (m — ng) (3.19)
(a1 — a3)Dx + (b1 — bg)Dy + (01 — Cg)DZ = C(Dt1 — Dtg) + (m — ng) (3.20)
(a1 — a4)Dx + (b1 — b4)Dy + (01 — C4)D2 = C(Dt1 — Dt4) + (n1 — n4) (3.21)

The position error (D, Dy, D,) is consequently obtained from (3.19), (3.20) and
(3.21) with linear combination of satellite clock bias terms and range measurement
correlated noise n; (1 = 1,2,3,4).

Let
ap —az, b1 —by, c1—c
d=1|a;—as, b —bs, c1—c3 (3.22)
ar —ag, by —by, c1—cy
by —bs, c1—c3

by — by, c1—cy

dio— 2
12= p (3.23)
by — by, c1—c by — by, c1 —c2
by —bs, c1—cy by — b3, c1—c3
d13= ] , du= 7 (3.24)

where d, d12,d13 and dy4 are related to the true ranges and true positions which can be
considered constants at that time.

Consider D, first, then at time ¢:
Dy (t) = di2c(Dt1(t) — Dia(t)) — dise(Dti(t) — Dts(t)) +
+ d14C(Dt1 (t) — Dt4(t)) + dy2 (m (t) — ng(t))
— diz(n1(t) — n3(t)) + dia(na(t) — na(t)) (3.25)

The satellite clock bias ranges ¢(Dt1(t) — Dta(t)), ¢(Dt1(t) — Dts(t)) and c(Dty(t) —

Dt4(t)) are provided by the satellite ephemeris data in GPS message. After removing
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these main clock bias ranges, the remaining error D,_cor(t) is the linear combination

of correlated noise (11 (£) — na(t)), (n1 () — ns(t)) and (ny(t) — ng(t)):
Dy_cor(t) = dyg(ny (£) — na(t)) — dis(ny () — ns(t) + dua(na(t) — na(t))  (3.26)
In frequency domain:
Dycor(s) = dia(n1(s) — na(s)) — diz(ni(s) — ns(s)) + dia(ni(s) —na(s))  (3.27)

The correlated noise of the pseudo range of all the satellites has an identical second
order model structure [45]. The model for each satellite has identical poles and zeros.
Therefore the linear combination of any of these correlated noises will not change the
poles and zeros. The position error will have an identical model structure with the
identical poles and zeros as the pseudo range model. The gain, however, is different
and can be obtained using the following method.

Assuming that the correlated noise n;(s) (i = 1,2,3,4) of the pseudo range has the
following transfer function which is a second order system driven by a white noise series

wi (i =1,2,3,4) with unit strength:

ni(s) = ri(s + B)

 $2 4 2aks + a? Wi (3.28)

where «a, k, 8 are identical to all the satellites. The gain r; is different for each satellite

and is related to the gain of the transfer function.

Then
r1(s + 3) r2(s + B)
D,_ =d — _
cor (s) 12(32 F2aks + a2t 82+ 2aks + a2 w2)
r1(s + B) r3(s + 3)
_d _
13(32+2aks+a2w1 32+2aks+a2w3) +
r1(s + 3) r4(s + )
d _
+ 14(32 + 2aks + a2 w1 s2 4+ 2aks + o wa)
(s +P)

= S+ 2aks + a2l 11T T

— (rwy — r3ws)diz + (rwi — raws)di4]

s+
= e b i )~

— woradig + w3rsdi3 — warsdia] (3.29)
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We know that a linear combination of white noise is also white noise. Hence in
(3.29) [u)l’l“l (d12 —dy3 + d14) — woradye + wsrsdig — u)4’l“4d14] is still a white noise series

with strength Ggins :

Gaine = E{jwir1(di2 — di3 + dia) — woradia +
+ warsdyz — wyradia)’ X [wiry (dig — dig + dig) —
+ woradig + w3rsdis — waradia]}

= 7% (dig — d13 + dis)® + radi, + ridi; +rid3,

Therefore D, _cor(s) has the identical second order model structure

s+ 0 "
s2 4+ 2aks + o

Dy _cor(s) = cor (3.30)

driven by a white noise series weo, with strength Gy -

The position errors in y and z also have a similar model with the same poles and
zeros and different gains.

The latitude and the longitude of the receiver can be linearly transferred from the
receiver’s coordinates in axes x, y and z of the WGS-84 frame. Their correlated error
models also have identical structures. The position in any other Cartesian coordinate
system can be transferred to the WGS-84 frame by multiplying a direction cosine ma-
trix. Hence, it can be concluded that in any other Cartesian coordinate system, the
position correlated errors have identical error models.

Therefore, the correlated error of positions can be modelled independently without
modelling the correlated errors of the pseudo ranges of an individual satellite and the
receiver clock error.

In this thesis, PSD techniques are used to model the error in z, y and z position

information provided by GPS.
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3.4 GPS Position Error Modelling Using PSD

3.4.1 Power Spectral Density and Autocorrelation of Signals

Correlated signals can be examined in either the time domain or the frequency domain.
Frequency characteristics are shown in the power spectral density of the signals. Time
information is contained in the autocorrelation.

For an ergodic signal z(t) the expected value of z(¢)z(t + 7) is given by [47]:

1 [T
E{z(t)x(t +7)} = Ppe(7) = Th_?;o o /_T:B(t)x(t + 7)dt (3.31)

where ®,,(7) is called the autocorrelation function . T is defiend as the delay variable.

The expected value of x(t) y(¢t + 7) is given by

1 (T
E{z(t)y(t +7)} = $upy(1) = 7111_)ngo o /_T:E(t)y(t + 7)dt (3.32)

where ®,,(7) is called the crosscorrelation function and yields information as to the
dependence or correlation of x(t) to y(t). y(¢) is a second random signal.

Assuming that the time functions given by (3.31) and (3.32) are Fourier trans-
formable, the Fourier transform of the autocorrelation and the crosscorrelation func-

tions are defined as

1 [ |
Vaalj) = o [ By (3.33)
2 J_ s
. L[ o
Uy (jw) = %/ Oy (T)e 797 dt (3.34)
— 00

where W, (jw) is called the power spectral density (PSD) function and is W, (jw) called
the cross power spectral density function.
The autocorrelation is the Inverse Fourier Transform (IFT) of its PSD.

Consider the following linear time-invariant system with transfer function g;(¢):

x(6) -+ g1 (6) |-y () (3.35)

where the input and output are related by

y(t) = / £(t — n)g () (3.36)
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The power spectral density function ¥, (jw) of the input z(¢) and the power spectral

density function ¥y, (jw) of the output y(¢) have the following relationship:
Uyy(jw) =| G1(jw) * Vs (jw) (3.37)

with G (jw) being the transfer function of this system in the frequency domain.
The transfer function of the correlated error model of GPS position has the struc-

ture:

r(s+0)
52 + 2aks + o?

Gi(s) = (3.38)

The PSD ¥, (s) of the correlated error X;(s) can be created by passing white noise

w(s) with a constant PSD Wy pite noise through the transfer function Gy (s) :

w(s)--+| Gi(s) |--+X,(s) (3.39)

And

\I/COT‘(S) :| G (3) |2 Wohite_noise (340)

G1(s) can be used to create a shaping filter for use as an estimation error model.

3.4.2 Error Modelling Using PSD and Autocorrelation

The GPS correlated errors are modelled by the transfer function (3.38). The poles,
zeros and the gain of G1(s) are determined using the PSD and the autocorrelation of
the GPS noise signals. In this section, the modelling techniques are presented.

To identify the GPS noise, raw data are collected from a known true position. For
example, Figure 3.3 shows the raw data in axis z collected during 12 hours at a fixed
position. At least 50 groups of data have to be collected to obtain an average PSD.

The noise data are obtained by removing the true position data from the raw data
as shown in Figure 3.4. It can be seen that the noises of standard GPS position output
are within 100 metres.

The Hanning window is applied to the noise data before the calculation of its power

spectral density and autocorrelation [48].
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Least Square Method

Once the PSDs are obtained, a least square fit method can be used to identify the

parameters of the transfer function.

Assume that the GPS correlated noise X is driven by a white noise of unit strength.

From Equation (3.40), in the frequency domain the PSD Wy of the noise X has the

following relation with the model:

T(jw +/8) |2
2

| \I/Xs (]w) |:| (jw)2 4 2ak(]w) + «

with the frequency series w C {0, +00}.
Obtaining the logarithm base 10 of the elements of (3.41):
rijw+p)

(jw)? + 20k(jw) + o? |
r(w’ + %)

10lg | ¥, (jw) |[=201g |

=10lg

(w4 avl—k?)? + ?k?][(w — av1 — k?)? 4+ a?k?]
Set k1 =1 — k2%, and

f = r(w? + B%)
Y (w + oVl — k2)? + o2k?][(w — o1 — K2)? + o2k?]
Then
_ r(w® + 4%
Ju = (W2 + a2 + 2wak)) (w2 + a? — 2wak)
rw’ + 5%

- (w? + a?)? — 4w?a?k?

Equation (3.42) can be simplified as
w?r + Y —pfw— 2qw2fw + 4uw2fw = fww4

when

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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That is:

w? 1 —fw —2w2fw 4w2fw X1 p :fww4 (3.47)

U

The least square equation (3.47) can be used to obtain the parameters r,y,p, q,u
which can be transformed to «, k,r, 8 by (3.46). Back to (3.43) and (3.42), f, can be
obtained from the PSD of raw data 101g | ¥ x, (jw) |:

_ 10lg | Wy, (jo) |
10

fuw (3.48)

Curve Fitting Method

Curve fitting can also be used to obtain the parameters of the model.

Figure 3.5 shows the PSD plot of GPS correlated noise in axis x given in the WGS-84
frame. The curve has a cut-off frequency at approximately 0.0018Hz. The roll-off rate
after this cut-off is about —40d B /decade. This roll-off shows that there are two poles in
the transfer function of the error model. There is also a slope change to —20dB/decade
at the frequency 0.01Hz which indicates that there is a zero in the transfer function. In
the end of the curve, there is some white noise. This PSD curve shows the character

of the 2nd order system:

r(s+ 0)
52 + 2aks + o2

Gi(s) = (3.49)

The PSD plot characteristics are identical to the system (3.30).

The parameters in (3.49) therefore can also be obtained from curve fitting manually.

To model the errors accurately, 50 groups of raw data were collected to average
the PSD evaluation. Each group must contain the consecutive raw data for at least 30
minutes. The PSD mean curve which is the average PSD of these 50 groups of data is

shown in Figure 3.6. Also shown in this figure is the PSD curve using the estimated
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parameters. The parameters are adjusted until the curve of the estimated PSD best
fits the raw PSD curve.

The best fitting PSD curve is obtained by manually adjusting these curves and
visual inspection. The model parameters are consequently the best fitted «, 8,k and r
in that curve. This PSD curve fitting technique can be applied to any position correlated
noise in any axis in any frame. Once the model is determined, a traditional shaping

filter can be introduced using the transfer function (3.49).

3.5 De-correlate GPS Noise Using INS

3.5.1 Shaping Filter

A shaping filter models a correlated noise as a linear system driven by white noise [49].
The output of the shaping filter is the observed measurement error. The PSD model of
GPS correlated noise can be expressed in block diagram form in Figure 3.7 as a shaping

filter.

The input of this shaping filter is a unity white noise wg,(t). The output X(¢) is
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the GPS correlated noise. Its state space form is given by:

X, (t) = —20kX,(t) + Xy5(t) + rwep(t) (3.50)

Xys(t) = —? X (1) + 7Bwep(t)

That is:

X, (t) —2ak 1 Xs(t) T
‘ = + wsp(t) (3.51)
Xss(t) —a2 0 Xss(t) TB

Suppose there is a system with m x 1 state vector x(t) and p x 1 measurement vector
z(t):
(t) = F(t)z(t) + G(t)w(t) (3.52)
z(t) = H(t)z(t) + ns(t) + v(¢)

The system process noise w(t) is a ¢ x 1 white noise vector. The measurement is

corrupted by white noise v(¢) and nonwhite correlated noise n4(t) with:
ns(t) = Xs(t) (3.53)

Define the augmented state vector process x,(t) as:

z(t)
zo(t) = | X,(t) (3.54)
X,s(t)

The augmented state process model can be written as

o (t)
To(t) = | X,(t) (3.55)
X, (¢
L () (m+2)
F(t) 0m><2 0m><2 $(t) G 011><1
w(t)
=1 Oixm —2ak 1 Xs(t) [+ ] Oixg 7
wSP(t)
O1xm —-a? 0 Xs(t) O1xq 3
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The augmented system output can be written as:

Z(t)Z[H(t) I,,op] X,(t) | +o) (3.56)

with

H,(t) = [ H(t) Opxo ] (3.57)

The augmented system with shaping filter is depicted in Figure 3.8. It is noted that
the only driving noise in the augmented system is white noise. It consequently satisfies
the basic assumption for the Kalman filter that the non-model dynamics noise is white.

The coloured noise n(t) will only be de-correlated from the GPS measurement by

external information.

3.5.2 De-correlation of GPS Noise Using Feedforward Filter
Description of the De-correlation Filter

When using a single GPS with correlated noise, the system will exhibit almost identical
behaviour regardless of whether the GPS error has been modelled. Further sensing is
needed to aid the de-correlation of the coloured noise to improve system accuracy [17].
Consider a filter in one dimension with the combination of a GPS and an INS as in
Figure 3.9.

Suppose that the acceleration, velocity and position of INS outputs and the position
output of GPS have been transformed into the same navigation frame. Assuming that
the acceleration is corrupted by white noise wj,s(t) only. The filter states z(¢) are INS

position error dr(t), INS velocity error dv(t) and two GPS shaping states X(t), Xs(t) :

z(t) = [dr(t), dv(t), Xs(t), X (8)] (3.58)
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and

d’l“(t) = Rins(t) - Rtrue(t) (3.59)
dv(t) = ‘Z’ns(t) - Virue(t)
where Rypue(t) and Vipe(t) are the true position and true velocity in the navigation

frame. Eins(t) and IN/mS(t) are the outputs of INS position and velocity. The filter

measurement z(t) is the difference between the GPS output Rgpg(t) and the INS

output Rins (t).

Z(t) = éGPS(t) - Rins(t) (3.60)

GPS outputs are corrupted by the coloured noise X;(¢) and white noise v(t).

We have the relation:

dr(t) = do(t) (3.61)

di(t) = wins(t)

and

#(t) = Raps(t) — Rins(t)
= [Rtrue(t) + Xs (t) + U(t)] - [Rtrue(t) + dT(t)]

= —dr(t) + Xs(t) + v(?) (3.62)

The filter process model is given by

Cww) | [ dre) ]
@) || ot || ) .
X(t) X(t) wep(t)

| Xos(t) | | Xas(t) |

with the process noise being a white noise sequence:

wit) = | Vi (3.64)

wp(?)
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where
0 1 0 0
0 0 0 0
A= (3.65)
0 0 —2ak 1
| 00 —a? 0 |
0 0
1 0
Gy = (3.66)
0 r
0 g6
The observation model is given by
z(t) = Hy x z(t) + v(t) (3.67)
with
Hy=1[-1,0,1,0] (3.68)
The process and observation noise covariance matrices are
2
T Qins 0
Q= E[wt)w' (t+71)] = d(7) (3.69)
0 1
R = E[v(t)o! (t +1)] = ngs(S(T) (3.70)

with the white noise variance qu on the acceleration output and the variance ngs on

the GPS position observation.
De-correlation Feedforward Filter Performance in Frequency Domain and
Time Domain

In the frequency domain, the transfer function from the observation z(s) to the Kalman

filter states estimate Z(s) is calculated by:

8)

% = (sIixs — A+ KH;) 'K (3.71)

N
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Figure 3.10: Bode plot of the feedforward filter using a poor INS.

with the filter gain K having been determined by the filter parameters and the process
and observation noise.

For a single standard GPS without differential correction, the variance of position
error is about 20 x 20m?. The Bode plot of a low quality INS with a variance of the
acceleration output of 0.1 x 0.1(m/s2)? is shown in Figure 3.10. From the plot it can be
seen that the gain for the shaping state estimate is very small. The performance of the
system in the time domain is shown in Figure 3.11. The GPS position output consists
of almost the entire correlated noise when the vehicle is stationary. The estimated
shaping state does not follow the shape of the GPS output. The estimate position
follows the INS output whose errors grow without bound due to no real-time correction
in this kind of filter structure. De-correlation of GPS coloured noise fails with a poor
INS of this level quality. These results were presented by Figure 3.10.

Figure 3.12 is the Bode plot of the feedforward filter using a high quality INS with
a variance of 1 x 1075(m/s?)? of the acceleration output. The gain for the shaping
state estimation in frequency band 10~*(rad/sec) to 1072(rad/sec) is 0dB. Figure

3.13 shows the time domain performance of the system. The shaping state estimate
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Figure 3.11: Time domain performance of the feedforward filter using a poor INS.

X s has almost the same shape and magnitude as the GPS output which is almost the
entire coloured noise since the observation corresponds to a fixed position. The position
estimate error has been considerably reduced to 4m only.

Figure 3.14 shows the Bode plot of the transfer function (3.71) when the variance
of the INS noise changes from 0.1 x 0.1(m/s%)? to 1 x 107%(m/s?)2.

The essential requirement for the variance of the acceleration noise for de-correlation
can be found from the Bode plot of the filter transfer function. Therefore, in order to use
an indirect feedforward Kalman filter to de-correlate GPS coloured noise with an INS,
the accuracy of the INS needs to be above a certain threshold which can be obtained

from the Bode plot.
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3.5.3 De-correlation Using Indirect Feedback Filter
Filter Description

Using a feedforward filter with INS to de-correlate GPS coloured noise can make the
position error grow without bound. An indirect feedback filter can overcome this prob-
lem by using estimated INS error to correct the state. Figure 3.15 shows the filter
structure.

The INS generates velocity and position at very high frequency. The filter processes
the measurement difference between the GPS position and INS position at the GPS
sampling time. The filter estimates the position error dr, velocity error dv and two
GPS shaping states, feeds back the error estimate to the INS position and velocity to
correct the INS velocity and position outputs of the filter. The INS keeps generating
the output of the filter until a new GPS observation is made. The filter states are
still the INS position error dr, INS velocity error dv and two GPS shaping states X,
Xs. The process model and the observation model remain the same as the indirect

feedforward filter as Figure 3.9.
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Filter Performance in Frequency Domain and Time Domain

The performance of the indirect feedback filter is analyzed both in the frequency domain
and the time domain. It is found from the experiments that the quality of the INS still
affects the de-correlation in this filter structure.

Figure 3.16 shows the Bode plot of the transfer function from the filter observation
to the filter estimate using a low quality INS with a noise variance of 0.1 x 0.1(m/s?)2.
From the plot it can be seen that the gain for the GPS shaping state is very low.
The time domain performance is shown in Figure 3.17. The shaping state estimate
does not follow the shape and the gain of the GPS measurement which is almost the
entire coloured noise since the observation corresponds to a fixed position. The INS
position output and position estimate are bound over time. The GPS coloured noise

de-correlation does not work appropriately with this quality of INS.
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Figure 3.16: Bode plot of the feedback filter with a poor INS.

1 x 1075(m/s?)? is the threshold value of the noise variance of an accelerometer.
The gain of the transfer function for the shaping state X, is 0dB in the Bode plot before

10 2rad/ sec as in Figure 3.18. This means that the shaping state estimate )Z's tracks
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Figure 3.17: Time domain performance with a poor INS using a feedback filter.

the observation which almost entirely consists of GPS coloured noise. Figure 3.19 shows
the performance in the time domain. The shaping state estimate X s matches the GPS
measurement observations.

In order to generate de-correlation the quality of the INS can be obtained using
Figure 3.20. From the plot this essential variance requirement is still 3.16 x 10~¢(m /s2)?
for a standard GPS with a variance of 20 x 20m?.

Therefore, to use an indirect feedback filter to de-correlate the GPS coloured noise,
the essential quality requirement of the accelerometer is the same as for the feedforward
filter. The additional advantage with this approach is that the position estimate is
bound.

3.6 Conclusion

This chapter has introduced an improved GPS error modelling method in the frequency
domain. In previous work, the errors were modelled in the pseudo range and clock

offset. The measurement from other sensors has to be converted into an equivalent
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pseudo range to match the GPS measurement.

The model of the correlated noise in a GPS position has been derived using a second
order system driven by a white noise series.

The PSD model of the correlated position errors in any axis of any frame has been
proved to have an identical structure. The parameters of the position error model are
obtained from the PSD of the position raw data. By adjusting the poles, zero, damping
ratio and the magnitude of the estimate PSD curve against the PSD curve of raw data,
the best parameters can be found using the least square or the curve fitting methods.

The PSD model has been used in a shaping filter. To de-correlate the GPS error,
another sensor has to be used. Two de-correlation filters using an INS have been
discussed in this chapter. To use an indirect feedforward filter with an INS, the position
estimate is not bound. The indirect feedback filter has better behaviour with a bound
position estimate. The quality of the INS in both the de-correlate filters is required for
the de-correlation. The essential variance of the INS has been found using the Bode
plot of the transfer function of the de-correlation filters.

The GPS model developed in this chapter will be used in the data fusion filter whose
observation contains GPS measurement.

Feedback and feedforward methods have been proposed to design a filter that de-
correlates the GPS coloured noise. The minimal requirement for the external sensor is

also presented.



Chapter 4

INS Algorithm for Low Cost
IMU in Psi Angle Approach

4.1 Introduction

This chapter addresses the design of an INS algorithm for low cost IMUs with unknown
initial conditions using the psi angle approach in the computer frame.

Previous INS alignment algorithms are reviewed in Section 4.2. Self-alignment ap-
proaches are reviewed in Section 4.2.1. Analytic coarse alignment and gyrocompassing
are the major methods for self-alignment. They require measurements of the gravity
vector and the earth rate by three accelerometers and three gyros. In-motion alignment
is another approach for INS fine alignment which is reviewed in Section 4.2.2. Most
of the published applications of in-motion alignment are based on filters with known
initial attitudes. For low cost IMUs, the initial attitude errors are usually large. There
are very few works that have attempted to solve the problem.

In this chapter, a new algorithm is presented that does not require initial attitudes.
Section 4.3 describes the coarse alignment for raw data process and IMU turn-on biases
estimation. A method to determine the initial direction cosine matrix is formulated in
Section 4.3.2.

Unknown initial attitudes are solved in Section 4.4 by an in-motion alignment al-
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gorithm. The filter process models and the measurement equations are developed in
Section 4.4.3. The non-linear filter is implemented using the extended Kalman Filter
(EKF). The discrete filter and Jacobian matrix are derived in Section 4.4.4.

Section 4.5 describes the navigation stage after the initial alignment. The continuing
alignment and the calibration of the system in the navigation are briefly discussed in

this section.

4.2 Overview

The INS algorithm generates velocity, position and attitude information. The inputs
to the INS algorithm are the measured gyro and accelerometer outputs. The INS
algorithm outputs navigation data in a desired navigation frame. The main functions
executed in a strapdown INS algorithm are the integration of IMU measured angular
rate into attitude and also the transformation and integration of IMU measured specific
force acceleration, Coriolis acceleration and modelled gravity to the desired navigation
frame [50, 51].

The INS integration assumes the initial values of velocity, position and attitude.
Therefore an initial alignment phase is required before navigation begins.

Initial misalignment is one of the major error sources of the INS. During the initial
alignment phase, the attitude difference between the axes of the INS coordinate systems
and those of a chosen reference is estimated and removed. This attitude difference, or
misalignment consists of two tilt angles and an azimuth angle which have distinct effects
on the propagation errors of the INS. The Kalman filter has been successfully used to
estimate the tilt and the azimuth errors of the INS. It is well known that the estimation
rate of the azimuth misalignment and the final value it reaches are the two factors that
determine the performance of the whole alignment process [52]. The initial alignment
can be performed either when the INS is at rest on ground or while the vehicle is in

motion.
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4.2.1 Self-alignment Review

One of the ground alignment methods is to obtain the INS initial attitude through
the use of external reference by optical techniques, magnetic heading sensors or other
external means. Most ground based applications consist of two phases: leveling and az-
imuth alignment [53]. Two self-alignment methods have been considered: gyrocompass
alignment and analytic alignment [27, 53, 54, 16, 55, 56, 57, 58, 4, 59] . The analytic
method is used for coarse alignment while the gyrocompass method is used for fine
alignment [58, 53].

The analytic coarse alignment method determines the transformation matrix which
relates vectors in the desired navigation frame to the same vectors expressed in the
geographic frame or in other equivalent frames using the knowledge of the gravity ¢
and the earth rate vectors wje.

Define a vector v as
V=g X Wi (4.1)

The alignment matrix C7' is given by:

-1

(g™)" (g9)"
Cq = | (wp)” (wd,)" (4.2)
(v™)" (v9)T

where the gravity vector g and the earth rate w;. in the desired navigation frame n and
the geographic frame g are ¢" , g9, w!, and w?..

Britting [27] analyzed the errors of the analytic coarse alignment scheme by taking
into account the effect of instrument uncertainties and that the base motions are not
readily amenable to analytic methods. This method requires the vectors g and w;. to
be measured.

For a gimbled INS, physical gyrocompass alignment consists of finding the coor-
dinate transformation between local geographic axes and navigation axes by physical
gyrocompassing. The transformation matrix Cg is physically driven to be the unit

matrix.
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For strapdown INS, the initial alignment matrix represents the transformation from
the body frame to the navigation frame. This analytic alignment method can be used
for high accuracy applications in only the most benign of environments [27], since the
performance deteriorates because of angular disturbance vibrations and accelerations.
The measurement of the gravity and the earth rate could also be corrupted. Some
filtering is introduced in order to reduce the effects of these vibrations. When a low-pass
filter is used to obtain the average values of the measured quantities, the instantaneous
position of the body frame can vary considerably from its average position. A significant
misalignment could exist when the system is switched to the navigation operation mode.
A self-corrective alignment scheme is introduced to refine the initial estimate of the
transformation matrix by using the error angles between the known reference frame
and the corresponding computed frame.

Many gyrocompassing algorithms for both gimbled INSs and strapdown INSs have
appeared in literature. Jurenka and Leondes developed an optimum controller for driv-
ing the alignment in 1967 [58]. Huang and White presented self-alignment techniques
for an IMU considering the fine alignment of an INS platform whose base is subject
to vibration and whose sensors are subject to noise in 1975 [57]. The observability of
INS ground alignment was analyzed by Jiang and Lin in 1992 [53]. In the covariance
analysis of strapdown INS considering gyrocompass characteristics by Heung et al. in
1995 [56], it was found that cross-coupling terms in gyrocompass alignment errors can
significantly influence the strapdown INS error propagation. The initial heading error
has a close correlation with the east component of gyro bias error, while initial level tilt
errors are closely linked to the accelerometer bias error. Heung et al. also developed a
multiposition alignment method for INS stationary alignment on ground in 1993.

Bar-Itzhack summarized INS error models for the ground alignment in 1988 [4]. All
these models in the literature assume that the initial misalignments are small angles
with errors of only a few degrees. The measurement of the earth rate is indispensable

and an essential input for the ground alignment.
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4.2.2 In-motion Alignment Review

If the initial alignment is carried out when the vehicle is in motion, the alignment is
called in-motion alignment. The initial condition can be obtained by transfer alignment.

Transfer alignment is the operation of aligning a slave INS with a master INS
comparing quantities computed by both INSs [60]. Direct transfer of the master INS
navigation states would not account for the fact that the slave INS is not pointed in
the same direction as the master INS. In the transfer alignment stage, the velocity
computed by the master INS is compared with the one computed by the slave INS and
the difference, which is indicative of the slave misalignment with respect to the master
INS, is processed by a Kalman filter. This yields misalignment data as well as the
slave gyro and accelerometer error data. There are some other inertial measurement
matching methods such as velocity matching alignment and position update alignment
which achieve in-motion alignment by comparing estimates of velocity and position
generated by the aligning INS with estimates of the same quantities provided by the
master INS [1].

There are many issues concerning the transfer alignment algorithm design [52, 60,
61]. Bar-Itzhack investigated the azimuth observability enhancement that was accom-
plished by subjecting the INS to accelerations generated by manoeuvres of a combat
aircraft [52]. The effect of acceleration switching during INS in-motion alignment was
also analyzed [62].

To obtain high accuracy and a highly robust navigation system, inertial navigation
aided by other navigation references like star scanner, GPS, laser, radar, sighting devices
and Doppler have been widely used [63, 64, 65]. Complementary filtering is the one
mutual aiding method implemented in the frequency domain [65]. It is applied to the
fusion of a compass-aided heading gyro, Doppler-inertial ground speed estimation and a
baro-inertial altimeter. In the time domain, Kalman filtering with INS error models has
been the main tool for the implementation of aided INS in-motion alignment, navigation

and calibration stages. The assumption of small misalignment angles is implied in those
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filterings and models.

4.2.3 Large Misalignment Problem Review

Ground alignment in the stationary stage using gyrocompassing, analytic alignment,
aiding attitude sensors and in-motion alignment using reference navigation information
have been the main methods for INS initial alignment. With the assumption of small
initial misalignments, Kalman filter mechanizations using the INS error propagation
models have been designed and implemented for many years.

Ground self-alignment is limited to high resolution inertial measurement units which
are able to measure the vectors of gravity and the earth rate. For low cost IMUs, with
resolution lower than the quantities of the gravity or the earth rate, self-alignment
principles will not work. External sensors have to be employed to obtain the initial
attitude [16]. If external sensors are not available, the initial misalignment will be
large. Several attempts have been made to solve this problem.

Jiang and Lin [66] suggested an error estimation algorithm in the true frame for
ground alignment for an arbitrary azimuth. The misalignment is estimated by a combi-
nation of leveling error rates. However the misalignment propagation was not modelled.

In 1992, Pham introduced a Kalman filter mechanization for strapdown INS airstart
with an unknown azimuth [28]. He assumed two small tilt misalignment errors and one
large heading error. Heading misalignment « is considered as a wander angle in a
wander angle frame and separated into two states sina and cos« in the filter. The
earth rate is still the required input in the filter process model. The misalignment was
not modelled.

In 1994 and 1996, Scherzinger developed inertial navigator error models for large
heading uncertainty [9, 10]. The expected application was for alignment with an un-
known heading. The computer frame approach was used. Again, two states were used

to track one heading misalignment variable. An extended misalignment vector ¥, was
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defined as:

\Ile = [T/)x, d)ya sin d)za Cos 1/)2 - 1] (43)

where the psi angle [y, 1,,1,] is the misalignment of the computer frame and the
platform frame. Scherzinger’s model has a similar form of the psi angle model developed
in the literature by Benson [5] and Bar-Itzhack [24].

In 1997, Dmitriyev et al. published a nonlinear filter method application in INS
alignment which discussed the problem of coarse alignment [8]. Error equations with a
nonlinear characteristic have been obtained with a considerable level of a priori coarse
uncertainty. The error model is designed in the true frame with the assumption of two
small tilt misalignments and one large heading misalignment. The nonlinear charac-
teristic of the problem was considered over a short period. As a result, the heading
misalignment rate was assumed to be zero. In the misalignment error models, the rates
of misalignment angles were coupled with the velocity errors and the velocity errors are
coupled with the misalignment angles.

In 1997, Rogers proposed another in-motion alignment method without the benefit
of attitude initialization [67]. Similar to the methods of Pham and Scherzinger, Roger’s
filter contained two sine and cosine states of the heading error. Small tilts and large
heading error were assumed.

The psi angle models and quaternion models for three large misalignment error
angles in the computer frame developed in the previous chapter of this thesis provide
a solution to the unknown initial attitude problem. The additional two tilt angles and

one heading angle could be all large using the proposed models.

4.3 Coarse Alignment

An INS commonly uses the analytic alignment and the gyrocompass principle to per-
form self-alignment on ground. For a low cost IMU which cannot measure the earth

rate vector, external sensors must to be used.
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In this thesis, a low grade inertial measurement system, made by Watson Industry
INC. is used. The resolution of gyros and accelerometers for the Watson IMU are shown

in the following table:

Watson IMU IMU-1 IMU-2
gyros 1.0779x10~* rad/sec | 4.3115x10~* rad/ sec
accelerometers 0.0024 m/s? 0.0024 m/s?

Figure 4.1 shows the raw data of the Watson IMU-1 in a stationary stage.
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Figure 4.1: Resolution of Watson IMU-1.

The quantity of the earth rate vector is 7.2722x 10~%rad/sec. Usually, the resolution
of accelerometers is high enough to measure the gravity vector. For this kind of IMU,
the coarse alignment can be partly performed using the acceleration data to detect the
tilt information. The coarse alignment algorithm is introduced here. The raw data
process which determines the average turn-on biases of the accelerometers and gyros is

included in the coarse alignment stage.
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Figure 4.2: Bank and elevation of Watson IMU.

4.3.1 Raw Data Process

Once the IMU is turned on, there are random biases in the accelerometers and gyros.
They have a crucial effect on attitude, velocity and position. The integration of the
biases of the accelerometers cause the position errors to increase quadratically over
time. The attitudes, direction cosine matrix and quaternions will also have important
errors from integrating the gyro biases. Therefore, the gyro biases will accumulate the

position errors over time proportional to the cube of the time index.

The following table gives examples of the effects on velocity and position by the

Watson IMU.
axis (IMU body frame) | gyro bias (rad/sec) | accelerometer bias (m/sec?)
T 0.004 0.008
y 0.008 0.2
z 0.003 0.03

Figure 4.3 shows the average biases of the three accelerometers and the three gyros
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of IMU-1 installed in the body frame over a period of 34 seconds.
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Figure 4.3: These six plots show the turn-on biases for the Waston IMU-1. The 2000
samples are taken over a period of 34 seconds. The units for the y axes in the top three
plots are m/s?. The units for the y axes in the bottom three plots are rad/s.

Figure 4.4 shows the quaternion errors due to the gyro biases in a stationary position
over 28 seconds. The four curves of the four elements [Qg, @1, Q2, @3] show linear
divergence over time.

The first order, the second order and the third order effects over time of the IMU
turn-on biases are shown in Figure 4.5. The acceleration “Vtx_DOT” and “Vty_DOT”
of axes x and y in the platform frame show a large linear divergence over time. The ve-
locity “V_tx” and “V_ty” show a quadratic divergence over time squared. The curves of
the position coordinates “dx_WGS84” and “dy_WGS84” have a third order relationship
with time.

The gyro bias of 0.008 rad/second and the accelerometer bias of 0.2 m/second? will
cause a velocity error of 20 m/s and a position error of 200m over 28 seconds.

These results demonstrate that before the raw data can be used, it is essential to
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Figure 4.4: Quaternion errors due to gyro biases. The 1650 samples are taken over a
period of 28 seconds. The unit for the quaternions is 1.
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Figure 4.5: Errors of acceleration, velocity and position due to turn-on biases of IMU.
The units for y axes in the top two plots, the middle two plots and the bottom two
plots are m/s%, m/s and m respectively. Along x axes are data samples over time
taken at 84Hz in 20 seconds.
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remove the turn on biases. The method of bias determination is discussed here.

The frames of the Watson IMU are shown in Figure 4.2. The bank and elevation
information are defined as the angles with respect to the local level frame in Figure 4.2.
The average tilt angles from the tilt gyros are used to generate the coarse alignment

information.

Turn-on Biases of the Accelerometers

A time period during the stationary stage is selected. Define the vector of the average

output of the three accelerometers in the body frame:
By = [f2. 45, 71 (4.4)
This is the sum of the true acceleration vector Fj in the body frame and the bias
vector of the accelerometers V?(0) in the body frame:
E, = Fy + V*(0) (4.5)

The true acceleration vector Fj is transformed by the gravity vector in the platform

frame:
Fb = O;l))[oa 05 _g]T = (05)_1[07 Oa _g]T (46)
where the direction cosine matrix CJ is given by [68]:

cosfcos H—sinf8sin ELsinH —cos ELsin H
05 = | cosfBsinH +sinfBsin ELcos H cos ELcos H (4.7)

—sinfcos EL sin FL

sin B cos H + cos Bsin EL sin H
sin@sin H — cos @sin EL cos H
cosBcos EL
where BK, EL and H are the average bank, elevation and heading information during

the stationary stage and

) (4.8)
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Therefore the bias vector of the accelerometers V°(0) is subtracted from (4.5):

Vl(0) = F, — Fy
= [-f:g:)a fg(/)a fg]T - (Ol;:))_l[oa 03 _g]T
fl’ —sinBcos EL
=| fo | — | sinEL g (4.9)
b cos BK cos EL

z

The heading does not appear here.

Turn-on Biases of the Gyros

Theoretically, the turn-on biases of the gyros are derived from the earth rate. During
the coarse alignment, the vehicle which is stationary, senses the earth rate only. In the
platform frame, the output of the gyros W? is the sum of the earth rate €;, and the

turn-on bias of the gyros VP:

~

WP = Q;, + VP (4.10)

For the convenience of removal of the gyro biases from the raw data in the body

frame, the bias vector is converted into the body frame:
b _ b _ b 1 .
V> =C,(0)VP = C,(0) (WP — Q) (4.11)
The earth rate term is ignored for a low cost IMU, therefore:

VP = Ch o)W
= (Cy(0)) (CF(O)W")

= Wb = (4.12)

&
N @ RO

w
To remove the turn on biases of the three gyros, the average gyro measurement

z b o~b b1
Wb = [wg,wg, @:]" is removed from the raw data.
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Figure 4.6: Quaternions after removal of turn on biases of gyros. The unit for the
quaternions is 1. Along z axis are data samples over time taken at 84Hz.

After the removal of the turn-on biases, the raw data from the IMU can be used
directly for navigation. Figure 4.6 is a plot of quaternions over 28 seconds. Compared
with the Figure 4.4 before the removal of turn on biases, the four curves of the four
elements [Qg,Q1,Q2,Q3] are almost flat without divergence.

The errors in acceleration, velocity and position are reduced after this process.
Figure 4.7 is a plot of computed acceleration, velocity and position in the platform frame
while the Watson IMU was moving in an oscillation trajectory of 20cm around a fixed
point for 320 seconds. As in Figure 4.7, the acceleration “Vtx_DOT”and “Vty DOT”
of the axes z and y in the platform frame after 300 seconds are almost zero without
divergence. The velocity “V_tx”, “V_ty” and position “dx_WGS84”, “dy_WGS84” still
have some errors but are considerably smaller. The remaining biases are modelled and

will be removed by in-motion calibration algorithms.

4.3.2 Coarse Leveling - Initial Direction Cosine Matrix

The purpose of the leveling algorithm is to obtain the initial attitudes of the INS, that

is the initial direction cosine matrix or the initial quaternions. The turn-on biases of
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Figure 4.7: Acceleration, velocity and position after removal of turn-on biases. Along x
axes are data samples over time taken at 84Hz. The units for the y axes in the top two
plots, the middle two plots and the bottom two plots are m/s?, m/s and m respectively.

the accelerometers and the gyros are also computed at this stage. The coarse leveling
alignment is conducted on-ground. The inertial cosine matrix for the psi angle approach
will be considered.

The direction of the axes x, y and z is defined as east-north-up of the local level
frame. The initial direction cosine matrix is constructed by the initial attitude and the
initial heading. In the coarse alignment mode, the vehicle remains stable for at least
15 seconds. Average bank and elevation are recorded as BK and EL. The heading is
unknown for a low cost INS and will be solved by the in-motion alignment algorithm.
Assuming an arbitrary heading input H, the initial direction cosine matrix Cg’ between
the body frame and the platform frame is given by Equation (4.7).

The computation uses the average bank and elevation data during the stationary
stage. The vehicle position may be changed from its average position. Due to the noise
and the vibration of the vehicle, this estimation of leveling is only an approximation.
The fine alignment will be performed during the in-motion alignment stage when the

vehicle starts to move.
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Figure 4.8: Heading error definition.

4.4 In-motion Alignment: Solution of Initial Attitude Un-

certainty

4.4.1 Introduction

The coarse alignment takes about 15-20 seconds to obtain the initial values of the
navigation needs except the initial heading of the IMU. The purpose of the in-motion
alignment in this thesis is to solve heading uncertainty. The calibration of the direction
cosine matrix or the quaternions, the correction of the velocity and the position errors
and calibration of the accelerometers and the gyros are also done at this stage.

A low cost IMU cannot work alone due to the drift and nonlinearity of the inertial
sensors. FExternal velocity or position information has to be employed to aid the INS.
GPS is an ideal source to aid an INS.

In this section, heading uncertainty is solved during in-motion alignment using
GPS information. The psi angle model for large angle errors developed in the previous
chapter is applied.

As illustrated in Figure 4.8, the true heading error is the misalignment between the
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platform north and the true north of the true local level frame at the true position. The
position is aided by external position reference. The position error of the computed
position and the true position is small. Therefore the north of the computer frame
is very close to the true north of the true local level frame at the true position. The
misalignment 1, between the computer frame and the platform frame is approximately
the heading error. The correction of 1, consequently becomes the goal of the heading
uncertainty algorithm.

In-motion alignment commences after the coarse alignment. The initial heading
entry is arbitrarily set.

When the GPS fix is not available, the INS performs vehicle navigation in the
platform frame at each IMU sampling time. The gyros of the IMU output the angular
rate of the vehicle in the body frame which can be used to calculate the direction cosine
matrix. The accelerometers output the acceleration of the vehicle in the body frame
which is transformed into the platform frame by the direction cosine matrix . The
INS navigation outputs the attitude, velocity and position in the platform frame by
integrating the angular rate, acceleration and velocity respectively.

When the GPS fix becomes available, the velocity and position measurements of
the GPS fix are processed. A nonlinear filter based on the computer approach (the psi
angle approach) estimates the psi angle errors, velocity errors and position propagation
errors of the INS in the computer frame and the drift errors of the accelerometers, the
gyros and the GPS errors. The nonlinearity of the filter is due to the nonlinearity of
the psi angle model for large heading errors between [—180°,+180°]. The estimates
of the errors are used to correct the velocity, position and attitude. The readings of
the accelerometers, gyros and the GPS measurement are also compensated by the filter
estimation of the sensor errors.

The algorithm runs until the errors are corrected. The three attitude errors are now
all satisfied to the small angle assumption. The psi angle model can be switched to
its small angle form. The algorithm is then switched from the alignment mode to the

navigation mode which still employs the same filter, only the psi angle model switches
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to its small angle form.
The flow chart of the algorithm is shown in Figure 4.9.
4.4.2 Filter States

The filter in the heading correction stage is performing alignment and calibration. The
filter states include the propagation errors of the velocity, position and attitude errors
in the computer frame. Measurement errors are contained in the shaping filter which

is part of the alignment and calibration filter. X being the filter state vector, then:

X = [AV, AVyC, AVS AR, AR;, ARS, g by 1), (4.13)
Vg,vg,vb el e XsmaXsanszaXQmaXZanQZ]T

z,cx Cyr 2

where
AVe = [V, AV, AVET is the INS velocity error vector in the computer frame.
AR‘ = [ARg, ARy, AR is the INS position error vector in the computer frame.

P = [z/;x,d)y,z/)z]T is the psi angle vector, which is the angle between the computer frame
and the platform frame.

Vb= [V%ngVg]T is the vector of the accelerometer biases in the body frame.

e’ = [eb, €2, €?]T is the vector of the gyro biases in the body frame.

T -y

X, = [XSI,Xsy,XSZ]T and X, = [Xgm,ng,ng]T are the shaping states of the GPS

errors.

4.4.3 Filter Equations

The main filter equations are the error propagation models in the computer frame.
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Velocity Error Equation

The velocity error equation has been presented in the previous chapter. In a case where
the coarse alignment is not performed, there will be three large initial attitude errors.

The psi angle vector will have three large elements.
AVe = (I —COfF + V° + Ag° — (25, + Q5,)AV® (4.14)
where O is given by:

COS 1Py COS 1, — Sin Py sin1py sinh, — cos Py sin,
Cp = | costp, sin, + sinp, sin by costp, C€OS 1y COS Y,
— sin; cos iy sin v,
sin v, cos 1), + cos 1, sin, sinp,
sin 1), sin, — cos 1P, sin, cos 1, (4.15)
COS 1y COS Py
In most cases, when the coarse alignment has been done with an unknown azimuth,
there will be two small initial tilt errors and one large heading error. The psi angle is
still large.
For most low cost INSs, the area of operation is close to the earth surface. The

gravity has very small variation. In this case, the gravity error model can be ignored
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and the velocity error equation can be simplified to:

0 —[VEtg(p)/ Ro + 2wie sin(y)]
AVe = Vitg(p)/Ro + 2wie sin(p) 0

—[V/Ro + 2wic cos(p)]  —V,f/Ryg
Ve Ry + 2wie cos() AVE
VE/Ry x| ave |+ (4.16)
0 AVE
[ 1 cosip) sin()  —hesin(hs) — dycos(s) | | 12
+| —sin@p) - cos(s) b cos(hs) — pysin(w) | | £ |+
4, iy 0 :
[ costp) —sin(ips) e sin(is) + by cos(sh) v
+ | sin(ih,) cos(ihs)  —thgcos(ih) + ey sin(y,) | CY | VY
o 0 Ve

where

Ve =[Ve, Ve VAT is the velocity vector in the computer frame.

R, is the earth radius. For a low cost INS, travel distance is limited and the earth

radius is considered to be a constant.
wie 18 the earth rate.
@ is the local latitude solved in navigation.
g is the gravity constant.
[f2, 17, 217 is the specific force transformed to the platform frame.

C} is the direction cosine matrix with which INS actually transforms the vectors from
the body frame to the platform using measured INS angular rate in navigation

mode.
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Position Error Equation

The position error model does not distinguish between small and large attitude errors:
ARc = AV — Q¢ AR® (4.17)

The extension of the position error equation is:

AVy 0 —Vitg(e)/Ro Vi/Ro | | ARg
AR = | AVE | — | VEtg(w)/Ro 0 Ve/Ry | | ARC
AVE ~VE/Ry  —V{/Ry 0 ARC

The notation is as before.

Psi Angle Model

The attitude and heading errors are solved in the form of the psi angles. The psi angle
model developed in Chapter 2 is described here in detail.

The general 1 angle model is given by equation (4.18):

b= (I - CP)f, — & (4.18)
where C? is given by:

COS 1y COS 1P, — Sin 1)y siny, sinp,
Cl= 1| —cos hy sinp,
sin ;. cos 1), + cos 1, sinp, sinp,
€oS 1y sin1p, + sinep, sinp, cosp, —sinh, cos 1y,
COS 1y COS 1P, sin (4.19)
sin, sint, — cosp, sinp, costp,  cosh, cos iy,

When the three initial attitudes are all unknown, or in the large perturbation case
when the errors of the three attitudes are all large during the navigation stage, the 1
angle model with large angle assumption has to be used.

In most cases, the initial tilt angles can be solved within an error of 1° in the coarse

alignment stage, while the heading remains unknown. In this case, 1, and %, are small
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and 1), is large within [—180°,+180°]. The psi angle equation in this case is extended

to:
1 — cos(t)2) — sin(1;) Py
¥ = sin(y:) 1 — cos(v.) 4z
e Sin(ip,) — by cos(.) by cos(ih,) — hy sin(ih) 0
—Vy/Ro €
X | Vii/Ro + wie cos(p) —Cy | e (4.20)
Vitg(9)/ Ro + wie sin(e) €

Sensor Error Equations

In both the alignment and the navigation stages, the errors of the IMU sensors and
GPS can be estimated and calibrated in-motion. The error models are included in the
process model of the filter.

For a low cost IMU, the drift over a long period of time can be significant. Internal
temperature variation could also cause bias changes.

The biases in the gyros and the accelerometers can be modelled as [45, 69]:

. —Vb a1

Vb= — 4.21
T, T, (4:21)
b

. (4.22)
Tg Tg

The model parameters T;, Ty, a1 and by are obtained experimentally.
In a case where the IMU has slow internal temperature variation, the gyro and

accelerometer errors can be modelled as white noise plus a constant:

VP=0 (4.23)

=0

The white noise is to be added on top of these.

The error model for the GPS has been presented in the previous chapter. The
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shaping states X; and X, of the GPS position error have the following relations:

Xy = —20kX; 4+ X5 + rwgp (4.24)

Xss = —a?X, + rBwsp

That is:
) = + [wsp] (4.25)
Xss CY2 0 Xss Tﬂ

with the white noise wg).

Measurement Equations

The filter observation is the difference between the GPS measurement and the INS
output. It must be noted that these two different outputs are in two different frames.
When the differential GPS with the position error of 2¢m and the velocity error of
5em/second is used as the navigation reference, the velocity and the position of the
DGPS are considered to be solved and transformed into the true local level frame.
Let the velocity difference V,; and the position difference R; be the difference be-

tween the INS outputs and measured GPS outputs:

Vi = ‘/}ICNS - ‘/}éps (4-26)
Ry = ﬁ?Ns - ﬁtGPS (4.27)

where the superscripts ¢ and t indicate whether the vectors are in the computer frame
or in the true frame. ﬁ?NS and I/}ICNS are the INS computed position and velocity.
ﬁtG pg and 175 pg are the GPS position and velocity outputs respectively.

When the GPS error model is proposed, the observation has the following form:

Z =Ry = Rfys — Ripg (4.28)
= (Rgrue + ARC) - (Rgrue + Xs + FQPS)
= (Rgrue - Rirue) + (ARC - XS - ngs)

= (I3><3 - Cg)RtCrue + (ARC — X5 — ngs)
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where Tgps = [z, I, T,]7 is the white noise of GPS measurement. Rf_,. and Rf,,, are
the true position in the computer frame and the true frame respectively.

Since the position is aided, the INS computed position and the true position will
have small errors. The computer frame ¢, which is the local level frame at the computed

position, and the true local level frame ¢ at the true position will have a small difference



4.4 In-motion Alignment: Solution of Initial Attitude Uncertainty 95

in orientation. Therefore C’g ~ I3x3 in the observation equation. Consequently:

Ry = AR® — X, — Ty

AR

T

XSI

—
8

—
<

ARS X,

—
S}

AVE
AV
AVE
AR
ARS
ARS

8

= | 03x3 Isx3 03x3 03x3 03,3 —I3x3 O3xs Y

<
=l
|

- =
<

1S3

)
NS | o

™

£

x

W
1S3

(4.30)

When the DGPS is used, the observation can be considered as corrupted by white
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noise only. The observation z is:
Vi
7 =
Ry
Va= VICNS - VéPS
Rq = Riys — Rgps (4.31)
And
Va=Vinys — Véps
= (V;r:‘ue + AVC) - (Vvtf"ue + 6.‘11)8)
= (Vif"ue - V;"ue) + (AVC - 69178)
= (I3><3 - Cg)v;ff"ue +AVE - 69;08 (4'32)
where
Ogps = [0z, Oy, 0,]" is the white noise of the DGPS velocity measurement.
Visue 18 the true velocity in the computer frame.
V! e is the true velocity in the true frame.
Again, C! = I343 in this case. Therefore
Vi = AV — Ogps (4.33)

And

Ry = Riyg — Reps
= (thrue + ARC) - (Rirue + ngs)
= (I3><3 - Cz)Rgrue + AR® — ngs

— AR®— Ty,

(4.34)
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The observation equation will be:

V. AVE —0O,ps
7 — d | _ 9w

Ry AR® — Ty,

AVE
AVyc
AVE
AR
AR
NG
I3y3 03x3 03x3 0O3x3 0O3x3 Ogps

= Wby - (4.35)
03x3 I3x3 03x3 03x3 O3x3 Cyps

4.4.4 Discrete Filter and Jacobian Matrix

The process model of the filter in the in-motion alignment stage is nonlinear. The
Kalman filtering process has been designed to estimate the state vector in a linear
model. It has many successful applications in INS alignment and navigation. If the
model turns out to be nonlinear, a linearization procedure is usually performed in
deriving the filtering equations. The linear Taylor approximation of the process model
at the previous state estimation and that of the observation model at the corresponding
predicted position is usually considered [18, 70]. The Kalman filter so obtained is called
the Extended Kalman Filter (EKF). Linearization is justified by the argument that

the estimate maintained by the EKF is close to the true state of the system. The
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expected values of the second and higher-order terms in the Taylor series expansion
are small [19]. Jacobian matrices of the process and observation models have to be
evaluated. The Distribution Approximation Filter which is introduced by Julier and
Uhlman [19, 20, 21, 22, 23] provides another approach for nonlinear filtering.

The Extended Kalman filter is employed in this section for the psi angle approach,
where for the navigation update, direction cosine matrices are used for attitude update
purposes.

The update stage is performed at each data fusion step when a GPS fix is available.
Usually, the INS sampling time is less than the sampling time of the GPS. For example,
the sampling frequency of the Watson IMU and the Ashtech GPS are 82Hz and 10Hz
respectively. During the period when a GPS fix is not available, INS computes and
outputs the navigation data independently without the filter prediction.

The filter in continuous time is the combination of the equation in Section 4.4.3.

The whole filter can be written as:
X(t) = fe(t, X (1) + GU(?) (4.36)

Z(t)=HX(t)+V(t)

The strengths of U(t) and V (¢) are Q(t) and R(¢) respectively.
The discrete-time model is:
X(tk) = X(tk_l) + fc(tk, X(tk))dt + G(tk)U(tk)dt
Z(tg) = H(tg) X (tg) + V (tk) (4.37)

where dt is the time interval between ¢;_; and .

This compares with the standard form of the discrete-time filter:

X1 = [r(Xk) + Grug

Zy, = Hp, X, + v, (438)
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with:
G = G(ty)dt (4.39)
up, = Ulty) (4.40)
vp = V(tg) (4.41)

The approximation is also given:
fo(Xg) = X(te—1) + fe(te, X (tx))dt (4.42)

This relationship provides a shortcut to evaluate the Jacobian matrix J; at time
tr in discrete time by using the Jacobian matrix J.(¢) at time #; in continuous time,

which can be directly derived from the filter models:

Jy(k) = 78%;?)
Ofe(tr, X(tr))
00Xy

=T+ J,(t)dt (4.43)

~ I+ dt

The derivation of the Jacobian matrix J, of the filter at time ¢; is more complicated.
For example, when the noise of the accelerometers and the gyros is treated as white
noise plus a constant and the DGPS is used, the Jacobian matrix in continuous time is
derived as follows.

The filter can be separated into a linear part and a nonlinear part plus the noise:

AVC —(2958 + Qgc) O3x3 O3x3 03x3 03«3 AVe©
AR* I3.3 —Q¢. 03x3 03x3 03x3 AR°
W = 033 O3x3 0O3x3 0O3x3 0O3x3 (0 +
Vb Vb
i e ] i 0615 1L e ]
(I —-C5)ff %
0 0
T +| (4.44)
(T — Pty e
i Opx1 | | Osx1
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Then the Jacobian matrix is evaluated as:

—(2Q5, + Q%) 0O3x3  Fiz  I3xz 0O3x3

I35 —Q¢. 03x3 03x3 0O3x3

Je= 033 O3x3  F33 O3x3 I3x3

O6x15 ]

(4.45)

When only the heading is unknown, the matrix elements Fi3 and F33 in J, are:

p

—sin(y.) fI —cos(¢2) f2
Fiz =1 cos(y,) fI —sin(s.) f7
—f¥ 7
f2sin (1) + fif cos (12) + (by sin (1) — ¢y cos(1h:)) £
sin (12) fy — cos (12) f — (o sin (¢2) + ¢y cos(1h2)) 2

0
And
0 w3
Fy3 = —ws 0
—sin () wi + cos (1hz) wp  — cos(hz)wr — sin(th;)ws
sin () w1 — cos () wo
cos(1h; )wy + sin(yh;)ws
(thy sin(¢hz) — ¢y cos(1hz))wr — (hy cos(1hz) + g sin(1h. ) Jwo
where

w1 = —Vyc/R()
wy =V /Ry + wje cos(p)]

w3 = V7 tan(p) /Ry + wje cos(p)

(4.46)

(4.47)

(4.48)

@ is the local latitude. All the variables in the Jacobian matrices above are evaluated

at time fg.
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The filter noise has the following attributes:
When the IMU noise is considered as white noise plus a constant and the noise is

estimated in the filter, G at time ¢, is evaluated as:

Cy(tr)  O3x3
O3x3 O3x3
G(ty) = O3x3  —C} (tx) (4.49)
i O6x6 ]

Then in the continuous-time filter:

r 1 Cy(tr)  O3x3
VP
033 033
03><1 Vb
G(tg)U(tg) = = O3x3  —C} (tk) (4.50)
P el
O | |
i O6x6

where CJ (t;,) is the direction cosine matrix from the body frame to the platform which
is solved in navigation at time .
In the discrete-time filter (4.38), ux and vy are white noise sequences with strength

Gr and Ry. They can be approximated as [71]:

Qr = G(tp)Q(tr) G (t)dt

Ry = R(ty)/dt

4.4.5 Filter Implementation Using the EKF

The filter real time implementation can be seen in Figure 4.9. The filter state X is
initially modelled as a Gaussian random variable Xg o at the epoch when the coarse
alignment finished and the in-motion alignment starts. Take the zero-mean of the

Gaussian variable for initialization. The initial X is given as X o:

XO,O = [03 03 03 03 03 03 03 03 03 03 03 03 03 03 0? 0? O]T (451)
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The initial covariance matrix Py provides a statistical measure of confidence of the

states:

2

oAy 03x3 03x3 03x3 0O3x3 0O3x3 0O3x3
2

03x3 0Apr 03x3 03x3 O3x3 0O3x3 0O3x3

O3x3 O3xa 07  Oaxa Oaxz O3x3 O3x3

Poo = | O3x3 03x3 O3x3 02, O3xz O3x3 Ozx3 (4.52)

2
03x3 03x3 0O3x3 03x3 0% 03x3 O3x3

€
2
O3x3 0O3x3 Osx3 Osxz O3zxsz 0%, Osx3

2
O3x3 0O3x3 Osxs Osxz O3zxsz Osxz oX,,

Py is assumed diagonal for lack of sufficient statistical information to evaluate its
off-diagonal terms.

The initial dynamic process noise matrix is set as Qo:

| 02w 0 0 0 0 0 |
0 02 O 0 0 0
Q0 = 0 0 o2, O 0 0 (453)
0 0 0  0Zpor O 0
0 0 0 0 0Zpoy O
0 0 0 0 0 Ofyros
The initial measurement noise matrix is set as Ry:
| 2, 0 0 0 0 0 ]
0 r2, 0 0 0 0
Ry — 0 0 2, 0 0 O (454)
0 0 0 72, 0 0
0 0 0 rey 0
0O 0 0 0 0 72

The diagonal terms of Ry are the variance of the noise on INS and GPS measure-

ments.
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At time tj, the state estimation is X}, ;_q, with the covariance matrix Pk,k_1 being

available. The Jacobian matrix of fi is then evaluated as:
Jp(k) =1+ J.(tg)dt (4.55)
The filter gain K}, is calculated by:
Ky = Py Hi (HyPpjo—1 H{ + Ry) ™! (4.56)

The updated measurement is fused into the filter. The updated state estimation

Xk,k is:
X = X1 + Kp(Zp — Hy Xp p—1) (4.57)

Since the errors have been compensated at each filter time, X ;_; is zero. There-
fore, the updated estimation of states which is used to correct navigation output and

calibration sensor errors is:
Xk = KiZy, (4.58)
The covariance update is:
Py = (I — KxHy) Py g1 (4.59)
For the next iteration tx,1, the a priori state estimation will be:
Xir1p = fe(Xe k) (4.60)
with an a priori covariance matrix:
Prg1e = Jr(k)PopJ ] (k) + Gr1QuGiyy (4.61)

The estimation of the states is used to correct the system errors by subtracting each
estimated error from the INS velocity, position, attitude, accelerometer output data,

gyro output data and GPS position data, as shown in the flow chart in Figure 4.9.
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4.5 Navigation Stage: Continue Alignment and Calibra-
tion

Once the attitude errors diminish to a few degrees, the in-motion alignment stage
finishes. The velocity error model, position error model, psi angle model will be switched
to their small angle approximations.

The process models are replaced to their small angle forms, the filter process model
and the observation models are now all linear. A standard Kalman filter is applied to

estimate the navigation state.

4.6 Summary

In this chapter, the INS algorithm for low cost IMUs is developed using psi angle
models for large attitude errors. The main contribution of this algorithm is the in-
motion alignment to solve the initial attitude uncertainty.

The alignment mode is separated into coarse alignment and in-motion fine align-
ment. Section 4.3 presented the determination of the initial direction cosine matrix,
turn-on biases of the accelerometers and the gyros in the coarse alignment stage.

Section 4.4 presented the in-motion alignment approach with an unknown initial
condition. The psi angle models developed in this thesis are used as the filter process

models. The Extended Kalman Filter is used to implement the nonlinear filter.



Chapter 5

INS Algorithm for Low Cost

IMU in Quaternion Approach

5.1 Introduction

This chapter addresses the INS algorithm design for low cost IMUs using quaternions
in the computer frame.

The INS navigation equations are based on a quaternion approach. The quater-
nion equations are formulated and an update based on the Adams-Bashford method is
presented.

The filter is composed of the INS velocity error model, the INS position error model
and the quaternion error model in the computer frame. The quaternion errors are ex-
ploited using the misalignment of the computer frame and the platform frame. The
entire filter process model structure and the process noise are discussed. The process
noise vectors are reconstructed by a linear combination of the white noise on the ac-
celerometers and gyros in the body frame. A Distribution Approximation Filter (DAF)
is used instead of the EKF. The principle and the benefit of the DAF are briefly de-

scribed.

105



5.2 INS Navigation Using Quaternions 106

5.2 INS Navigation Using Quaternions

5.2.1 Overview

An INS computes the current velocity, position and attitude from the initial velocity,
position and attitude and the time history of the kinematic acceleration. The gyros of
the IMU provide angular rates of the body frame to the inertial frame. An orienta-
tion transformation matrix is calculated using outputs of gyros to transfer the specific
force measured by the accelerometers to the navigation frames. Velocity and position
are consequently integrated by acceleration and velocity respectively in the navigation
frame.

In the previous chapter, the vehicle attitudes, the misalignment of coordinate sys-
tems and the orientation of the coordinate frames were represented by a set of angles
and the direction cosine matrix. In this chapter, they are represented by quaternions.

Quaternions were introduced by Hamilton in 1843 and are a set of four parameters
that evolve in accordance with a simple differential equation. Quaternions are less
amenable to direct physical interpretation. Although their elements have quadratic
forms, the quaternion approach is less computationally intensive, gives better accuracy
and avoids the singularity problem inherent in the Euler approach. It contains only four
parameters and uses the half angular increments [72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 14].
The algorithm flow chart is shown in Figure 5.1.

The INS algorithm processes the raw data to estimate the turn on biases of ac-
celerometers and gyros. Coarse alignment is performed by setting up initial velocity,
position, attitude and quaternions. Initial quaternions are evaluated by the initial
attitude angles.

When external heading sensors are not available, ground coarse alignment cannot
be performed accurately. The psi angle approach described in the previous chapter
can be used to correct the attitude without initial attitude input. In this chapter,
another approach using quaternions instead of psi angles is developed. The velocity

error propagation model, position error model and quaternions propagation which are
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developed in this thesis are applied here.

5.2.2 Raw Data Process

The IMU provides raw data of acceleration and rotation rate in the body frame. Raw
data contain turn-on biases which can be estimated while stationary and removed at
each navigation step as described in the previous chapter.

An example of the raw data in axis z of the body frame is shown in Figure 5.2.

From time 15 seconds to 50 seconds, the vehicle is stationary. The average raw data

raw data of accelerometer x

15 T T T
1k i
051 -
- L A
Ng or Luac o | N
2
£ -05 -
1k i
150 i
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raw data of gyro x
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g or e "‘!‘“' | I |
B -0.05F ‘ R
-0.1r -
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Time : second

Figure 5.2: Raw data of accelerometer x and gyro z.

of accelerometers and gyros are collected during this stage. Turn-on biases of three
accelerometers and three gyros are estimated and removed from the raw data. As in
the raw data plot, there is perturbation noise from time 38 seconds to 39 seconds which
cannot be estimated in real time. Therefore the calculated biases at this stage are not
accurate. The biases will also drift over time with temperature changes. They will be

estimated in the filter and removed at each update step.



5.2 INS Navigation Using Quaternions 109

5.2.3 Quaternions Initialization

To transfer the measured acceleration in the body frame to the platform frame, a
rotation transfer matrix has to be calculated to get the orientation of the vehicle at
each navigation step.

Quaternions are initialized while the vehicle is stationary. The initial rotation trans-
fer matrix is calculated by averaging bank, elevation and heading. Let the transfor-
mation matrix Ty be the initial direction cosine matrix from the body frame to the
platform frame. In the case where the initial attitudes are unknown, 7Ty can be set
arbitrarily. If coarse tilt information can be obtained and the heading is unknown, Ty
can be set by coarse tilt and arbitrary heading.

The quaternion integrations are updated from the initial quaternion vector Qf (1) =

(9120 (1) @1 (1) (1), g3 (D]
2q50(1) + a5 (1) =1 2(q,1(12,5(1) = g0(1),,5(1))
To = | 2(g1 (1) no(1) + gno(1)g,,5(1)) 2(qho(1) + ghy(1)) — 1
2(0,1 (1)23(1) = 4,0(1)@5(1)  2(45(1) @5 (1) + 40(1) 1 (1))
2(¢,1 (1)@,,3(1) + d,,0(1)q,5(1))
2(4,2(1)a,,3(1) = d,,0(1) g1 (1)) (5.1)
2(q20(1) + qpg(1)) — 1

with the constraint

Gao(1) + qa1 (1) + qho(1) + gpg(1) =1 (5.2)

Then the solutions of (5.1) are:

aa(D) = 2 VT To(L 1)~ To(2,2) ~ To(3,3)  sign(Th(3,2) ~ To(2,3)

(1) = 5 /1= To(L, 1) + To(2,2) — To(3,3) X sign(Ty(1,3) — To(3, 1)

ans(1) = 5/ T To(L, 1) — To(2,2) + To(3,3) X sign(Ty(2,1) ~ To(1,2))

ano(1) = /1= 21 (1) = @2(1) — aZ5(1)

where sign(z) is +1 when z is positive, returns —1 when z is negative.
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5.2.4 Transformation Matrix Using Quaternions

At INS navigation time ¢, let C'(Q}) be the rotation transformation matrix from the
body frame to the platform frame represented by Q% (t) = [gno(t), gn1(t), gn2(t), ans (t)]7 .
Then:

200 + @o (1) =1 2(q,1 ()5 (t) — 4o (£) 2,3 (1)
C(@5) = | 2(g ()gno(®) + 4o (Dan3(t) 2o (t) + ghp(t) — 1
2(dp1 (Dp3(8) = @po(t)ana(t)) 2052 (1) a3 (t) + o (t) @1 (2))
2(q1 (1) a3 (1) + o (£)40(1))
2(¢,9 ()3 () = G0 (£) 1 (£)) (53)
2(q20(1) + g (1) — 1
The evaluation of this matrix is less computationally expensive than using the di-

rection cosine matrix.

5.2.5 Quaternion, Velocity and Position Update

In each step, the current quaternions are integrated from the information of the current
gyro outputs and the quaternions at the previous step. To update the quaternion vector
@V from time ¢ to time ¢ + 1, the Adams-Bashford integration is used.

At time ¢, Q] satisfies the following differential equation [32]:
»=Lap«qr 5.4
Qb - 5 b X Qb ( . )

where the angular rate matrix Q}' is:

0 —w, —wy, —w,
w 0 w —w
=" ‘ Y (5.5)
Wy —W, 0 Wy
w, Wy —Wg 0

and

Wy, = [Wz, Wy, wz]T (5.6)
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is the body frame rate with respect to the platform frame solved in the body frame.

This is derived by differencing the measured body frame rates wg-’b and the estimates

p p . . .
of the components of platform frame rate w;,. w;, is obtained by summing the Earth
rate with respect to the inertial frame w?, and the turn rate of the platform frame to

the Earth frame w?,. These rates have the following relation [27]:

wh = wh, + wh, (5.7)
and

Let 6t be the INS update interval and Q} (t —26t) and Q} (t —6t) be the quaternions
at time (t—26t) and (¢t —0t). The angular rate matrix of the previous two steps (t —24dt)
and (t—dt) are Q(t—26t) and Q(t—dt). To integrate the quaternion differential equation
(5.4), a 2-step Adams-Bashford method [82] is used. The quaternion at the current step

is given by [68]:
QV(t) = QY (t — ot) + (3t — 0t) QY (t — 6t) — Q(t — 26t) QL (¢ — 26t)) x 0.256¢  (5.9)

Usually the INS sampling time is a constant. If there is a variation in 6¢, Q¥ and Q
are selected using the values of the last two steps. For the Watson IMU, the sampling
time is 0.008 seconds.

In the algorithm presented, the quaternion vector is normalized at each update
stage. Figure 5.3 is a plot of the actual norms of quaternions minus 1. The range is
within 5 x 107!6. Therefore the quaternions are normalized at each INS navigation

time.
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Figure 5.3: Quaternions’ orthogonality

5.3 INS Algorithm for Low Cost IMU in Quaternion Ap-

proach

5.3.1 Introduction

It is argued that attitude transformation and update using quaternions can provide
more accurate results than the direction cosine matrix and the Euler method.

When a low cost IMU is used, initial attitude and initial quaternions are unknown.
Quaternion models for large attitude errors developed in this thesis can be used to solve
the initial quaternion uncertainty without additional heading sensors.

In this section, the quaternion approach in the computer frame is applied to the INS
in-motion alignment to solve large azimuth uncertainty. A Distribution Approximation
Filter (DAF) instead of EKF is used to implement the nonlinear filter. One of the
advantages of this approach is that it does not require the evaluation of Jacobians.

The algorithm flow chart is shown in Figure 5.4.

During the quaternion initialization, the four elements of the quaternion vector

are evaluated under the assumption of an arbitrary attitude. The INS computes the
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navigation data at each INS sampling time starting with the first quaternion vector.
When a GPS fix is available, a filter based on the velocity, position and quaternion
error models updates the states. The state vector consists of the INS velocity error,
the position errors, the quaternion errors in the computer frame and the IMU and GPS
error states. These estimates are used to correct the INS navigation and calibrate IMU
biases.

The computer frame is selected as the local level frame in east, north and up at the

INS computed position.

5.3.2 Filter Models

The filter propagates the estimated errors of the INS. The filter states in this algorithm
are: the INS velocity and position errors in the computer frame and the quaternion
errors. To simplify the presentation of the algorithm, the accelerometer biases and
the gyro biases in the body frame are considered as zero-mean white noises. The
experimental data in this thesis was obtained using a DGPS system. The shaping filter
was not included in this case because the magnitude of the noise due to SA with this
type of differential GPS implementation was neglibe.

The state vector is:
X = [szca Avyca A‘/zca AR:Cm AR;a ARE, qo, 41,492, Q3]T (510)
where

AVe = [Vy, AV, AVE]T is the INS velocity error vector in the computer frame.

AR® = [AR;, ARy, ARST is the INS position error vector in the computer frame.

Qp = [qo,ql,qz,qg]T is the quaternion vector which represents the rotation between

the platform frame and the computer frame.
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The system model is:

X(t) = fo(X,t) + Geult) (5.11)
Z(t) = HX(t) + w(t) (5.12)

where Equation (5.11) describes the continuous-time propagation equation. The filter
state equations are nonlinear and u(¢) is white noise. The measurement equations
are linear in this case and w(t) is white noise. The measurement vector contains the
difference between the INS velocity and position information and the GPS velocity and

position information.

Velocity Error Equation

Let AV¢ = {//\;C — V¢ be the INS velocity error in the computer frame. The general

velocity error model for large attitude errors in quaternion form is:
AVE = (Izxz — C(QE)) [T — (29, + Q5 )AVE + Ag° + VP (5.13)

Most low cost INSs are used in level navigation applications and consequently the
gravity error Ag® can be ignored. The matrix C(Q;) transforms the true specific force

=01 r 1" in the platform frame to the computer frame. It is given by:

@+ —a—a 2(qge — qa3) 2(q193 + qog2)
C(Qy) = 20qae+ ) G—-G+B—a 20993 — qq) (5.14)

2(q193 — 9092) 2(¢205 +qoq1) 95— a1 — @5 + 43
The earth rate matrix €2, and the matrix Qf, of the rate of the computer frame in

respect to the earth frame are:

0
205, + Q. = | Vitg()/ Ry + 2wie sin(p) (5.15)
—[V£/ Ry + 2wje cos(p)]
—[Vitg(p)/ Ry + 2wiesin(p)]  Vy/Ry + 2wie cos(¢p)
0 Vy /Ry
~V¢/R, 0
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where ¢ is the local latitude. The earth rate w; = 7.272205 x 10*57"ad/second. The
earth radius elements R, in the east direction and R, in the north direction can be
considered as equal to R = 6,378,393m. The INS velocity components V" and Vj
are computed in the computer frame in east and north. Therefore the velocity error

equation must include the following transformation:

AVE
AV = AV (5.16)
AVY
@+ 4 —(0192 — q093)  —(q193 + q0q2) fz
=2 | —(q192 + q043) @ + a4 —(q2q3 — qoq1) 7
—(0193 — 9092)  —(q293 + qoq1) 4 + 45 7
0 —[Vitg(p)/ Ry + 2wie sin(p)]
— | Vitg(p)/Ro + 2wiesin(p) 0
—[Vi/Re + 2wiccos(p)]  —Vy/R,
V. /Ry + 2wie cos(y) AVE \%:
VE/R, AVE |+ | W
0 AVE V2

where VP = [V, V1, V’;]T is the accelerometer error vector in the platform frame.

Position Error Equation

The position error vector in the computer frame is decoupled from the quaternions.
There are no differences in the position error model between the two cases whether the
misalignments of the computer frame and the platform frame are small or large. Let the
difference between the INS computed position and the true position in the computer

frame AR be the position error in the computer frame. The position error equation
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becomes:
AR
AR = | AR; | =
ARS

= AV® — Q¢ AR’

AVS 0

= | AV | = | Vitg(p)/Re
AVE ~VE/R,

Quaternion Error Model

The attitude error here is modelled using the quaternion vector @)},

—Vitg(p)/ Re

0

- Vyc/Ry

Vi/Ra
Vyc/ RZ/
0

(5.17)
AR?E
AR;
ARS
= [QOa Q1,QQ,Q3]T

which represents the misalignment of the platform frame and the computer frame.

Let

—q1

q0

N | =

q3

—q2

—q2

—q3

q0

q1

—q3

q2

—q1

q0

(5.18)
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Then the quaternion error model can be written:

@ = BI(I - C(QD)wf, — "]

—q1r —q2 —g3
% + 43
g —q93 QG2
= —(q192 — q043)
q3 q —q
—(q193 + 9092)
| 492 @1 qo |
—(q192 + q093) —(9143 — 90q2) —Vy /Ry
at + 43 —(q2q3 + q0q1) wie cos(p) + Vi Ry -
—(q2q3 — qoq1) a +q wie sin(p) + Vitg(p) /Ry
—q1 —q2 —q3
eh
1 g —q3 q2
-5 e (5.19)
q3 q —q1
e’
| —92 1 qo |

where € = [}, e}, ¢]" is the gyro error vector in the platform frame.

5.3.3 Filter Process Structure in Continuous Time
The error models and the filter equations are presented in continuous time.
X(t) = fo(X,t) + Geuf(t) (5.20)

X being the function of the velocity error, the position error and the quaternions, the

process model becomes:

AV® (Isxs — C(QO)fF — (2, + Q2 )AV® VP
ARe | = AV — QS ARC + | 03x1 (5.21)
Q: B(I - C(Q¥))wt, —Be?

where
(Isx3 — C(Q)ff — (205, + Q¢)AV®
fe(X,t) = AV — Q¢ AR (5.22)
B(I - C(Q)w,
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and
VP
Geu(t) = | 0341 (5.23)
—BeP
Rather than model V? and €’ in the body frame as in the psi angle approach, this
method handles the IMU errors directly in the platform frame. V? = [V5 V], VQ]T
p p

and e = [eh, €l eZ]T are the accelerometer and the gyro error vectors in the platform

frame. They are related to the IMU biases in the body frame by:

VP =C(QY) x V° (5.24)
e =C(Q) x € (5.25)
where the matrix C'(QY) transforms the vectors from the body frame to the platform

frame. It must be noted that the quaternions @} in (5.24) and (5.25) do not contain

the filter state estimate Qj.

Let
Dy
D
DP = —BeP = (5.26)
2
| Di |
and
E=-BxC(Q}) (5.27)
Then
DP = —BP =E x ¢ (5.28)

The turn-on biases of the accelerometers and the gyros in the body frame are re-
moved in the coarse alignment and during the zero velocity stage when the vehicle
stops. The remains of the bias V? of the accelerometers and the bias €” of the gyros in

the body frame are considered as white Gaussian noise.
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The linear combinations of jointly white Gaussian random variables are also white

VP
Gaussian random variables [49]. Therefore VP, DP and are also white Gaussian
Dp

noises.

Let us set the noise u(t) as

A4
%
\%4
u(t) = = | DP (5.29)
Dj
D}

Dy

This can be projected into the state space using the transformation matrix G.:

[ 1 00 0000 ]
010 0 000
0 01 0 000
0 00 0000

G, — 0 00 0 000 (5.30)

0 00 0 000
0 00 1 000
0 00 1 00
0 00 0010

| 000 0001 |
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5.3.4 Observation Equations

The observations are the position and the velocity information differences of the INS

and the DGPS. Let Z be the measurement vector:

7 — ??NS - ?tGPS (531)
L ‘/}CNS_VGt'PS
AR — Ty,
| ave—e,,.
are | [
AR¢ r,
AR r,
| oave || e
AV 0,
[ AV ] 9:

where }AifNS and VICNS are the INS computed position and velocity. }AWGPS and ‘A/éps
are the GPS position and velocity outputs respectively. gy = [['y, Ty, )7 is the
white noise of the DGPS position measurement and ©4,; = [0, Oy, 0,]" is the white
noise of the DGPS velocity measurement. The observation matrix H is obtained by

the relationship between the states and the measurement:

Ly
r
NG !
I,
Z=H| ARre | - (5.32)
Oy
QC
p @y
0,
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H is given by:
0 00 1 00 00 00
0 00 0 1 0000
0 00 0 01 00 00
H = (5.33)
1 00 0 00 00 00
10 0 00 0000
0 01 0 00 00 00
5.3.5 The Discrete-Time Filter
The filter process model in continuous time is:
X(t) = fo(X,t) + Geul(t) (5.34)
Z(t) = HX(t) + w(t)
where
(Isxs — C(@) T — (295, + Qg )AV®
fe(X, 1) = AVE — Q¢ ARC (5.35)
B(I - C(Qe))ws,
and
- o -
Vy
\%4
Gou(t) = G, % D? (5.36)

with the constant matrix G..

The filter accuracy is achieved by using a first order Euler integration scheme at

each filter time. Let dt be the data fusion interval. At time t5,1 and ty, dt = tx11 — ik,
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we have:
X(tk) ~ X(tk-l-l) _ X(tk) (537)
dt
~ fe(X(tr), tr) + Geu(ty)
Therefore the discrete-time process model is:
X(thr1) = X(tg) +dt X fo(X(tk), th) + Geu(ty)dt (5.38)
= fe(X () + Grug
where
Jo(Xi) = X (tg) + db x fe(X (tk), k) (5.39)
(Isxs — C(Qp) ff — (295, + Q¢ )AV®
= X(t) + dt x AV — QS AR
B(I - C(Qf))ws,
and
Gr = G.dt (5.40)
ug = u(ty)

The measurement is taken at the GPS sampling time. The discrete observation

equation is:

Z(tk) = HX (ty) + w(tk)

with the constant observation matrix H.

(5.41)

For convenience, let X = X (tx), Zy = Z(tr) and wy = w(tg). The discrete filter is

written as

X = fu(Xg) + Grug

Zy = HXp 4+ wy

(5.42)
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5.3.6 Data Fusion - the Distribution Approximation Filter
Introduction

The filter process models of the quaternion approach are nonlinear.

The EKF predicts the state of the system under the assumption that its process and
observation models are locally linear. The process model and the observation models
are expanded as a Taylor series about the filter’s estimated trajectory using Jacobians.
The cyclic computation of the state prediction, measurement prediction, innovation,
updated state estimation and the state error covariance, state prediction covariance,
innovation, filter gain and the updated state covariance are similar to those derived
from the procedure using the linear Kalman filter [83, 71].

There are a number of problems with the EKF. The first is the need to analytically
evaluate the Jacobian matrices of the process and observation models. The Jacobian is
not guaranteed to exist (e.g. at discontinuity), or might not have a finite value. Further,
there can be considerable implementation difficulties when the system is composed of
many states and is highly non-linear. Finally the linearization can introduce significant
errors.

These problems motivated the development of a new filter algorithm called the
Distribution Approximation Filter (DAF) jointly by Julier and Uhlmann [21, 19]. The
DAF takes a mid-course between the analytical and numerical approaches. Like the
numerical methods, it approximates the state distribution rather than the process or
observation model.

The DAF uses the intuition that it is easier to approximate a distribution than it
is to approximate an arbitrary nonlinear function or transformation. The approach is

illustrated in Figure 5.5.
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Figure 5.5: The principle of the Distribution Approximation Filter

DAF Principle

If the discrete filter process model and observation model are:

Xy = fu(Xk) + Uy (5.43)

Zr = HX + wy

it is assumed that the process noise Uy is a Gaussian-distributed, zero mean random
variable with covariance Q;. The process noise at any time is independent of the state

of the system.

E[U] =0 (5.44)
E[UU]] = Qidij

E[U;X]]=0Vi,j

where d;; is the Kronecker delta function.
The observation noise wy encompasses all the unmodelled effects which act on the
observations, but not on the underlying state of the system itself. It is assumed to be a

zero-mean Gaussian distributed random variable with variance Ry and it is independent
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of the observation noises at all previous time steps:

Elw] =0 (5.45)
E[wiw]r] = R;d;j

E[w;X]]=0Vi,j

The problem of how to solve can be summarized as follows. We have an n—dimensional
vector random variable X with mean Z and covariance P,, and we would like to predict
the mean i and covariance Py, of an m—dimensional vector random variable Y where

Y is related to X by the non-linear transformation
Y = g[X] (5.46)

Following the intuition that it is easier to approximate a Gaussian distribution than
it is to approximate an arbitrary nonlinear function or transformation, a parameteriza-
tion could be found which captures the mean and covariance information while at the
same time permitting the direct propagation of the information through an arbitrary set
of nonlinear equations. This can be accomplished by generating a discrete distribution
having the same first and second order moments, where each point in the discrete ap-
proximation can be directly transformed. The mean and covariance of the transformed
ensemble can then be computed as the estimate of the nonlinear transformation of the
original distribution.

The DAF operational principle is explained as follows [19]:

Assume an n—dimensional Gaussian distribution having covariance P, a set of 2n
points having the same sample covariance from the columns (or rows) of the matrices
+v/nP (the positive and negative roots). This set of points is zero mean, but if the
original distribution has mean Z , then simply adding Z to each of the points yields a
symmetric set of 2n points having the desired mean and covariance. Because the set is
symmetric, its odd central moments are zeros, so its first three moments are the same as
the original Gaussian distribution. These points are transformed nonlinearly using the

transition equation. The transformed points can be used to compute the predicted mean



5.3 INS Algorithm for Low Cost IMU in Quaternion Approach

127

compute the estimation of mean and covariance as in the EKF method.

The DAF is summarized as follows:

e The set of translated o points is computed from the n x n matrix P ;, as

Ok <— 2n columns from =+ /(n + k)P
Xok,k = Xk k

Xik,k = Oik ke + Xp k

which assures that

Py =

1 2n

—_— : — . _ T

n4+kK ZI[X”WC X k) [Xik e — Xk k]
1=

e The predicted mean is computed as

2n
1 1
Xey1he = n—_i_ﬁ[ﬁXokﬂ,k + 3 Zl Xik+1,k]
1=

e The predicted covariance is computed as

1

n-+rK

12n

Py =

2 ¢
=1

where Q) is the dynamic noise covariance.

e The predicted observation:

2n

1 1
Zky1k = n—ﬂ{ﬁzokﬂ,k +3 z; Zik41,k}
1=

{K[Xok+1 — Xe+1,6] Xokt 1,6 — Xr1,6)” +

+5 Z[XikJrl,k — X1 k) [Xik+1.6 — X1kl } + Qr

and covariance. With this approach, there is no need to evaluate Jacobian matrices to

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

The quantity x is a scaling factor which provides an extra degree of freedom to fine

tune the higher order moments of the approximation.



5.3 INS Algorithm for Low Cost IMU in Quaternion Approach 128

5.3.7 Filter Implementation Using DAF

The filter states are the errors of the INS velocity, position and quaternions. The

discrete filter is:

X = fu(Xg) + Grug

Zr = HX + wy

where fir(X%), Grur and H are as equations (5.39), (5.40) and (5.33).
The initial filter state starts from Xqo = [0,0,0,0,0,0,q0(1),q1(1),g2(1), g3(1)]"
with zero INS velocity error, zero INS position error and arbitrary initial quaternion

error [qo(1),q1(1),g2(1),g3(1)]". The initial covariance matrix is set by

[ o2, 0 0 O O O 0 0 0 O ]
0O oy, 0O 0 0 0 0 0 0 0
0O 0 ¢+, O O O 0 0 0 0
o 0 0 ¢4 0O 0 0 0 0 0

Poo = o 0 0 0 op O 0 0 0 0 (552)

0O 0 0 0 0 o4 0 0 0 O
o 0 0 0 0 0 of 0 0 0
o 0 0 0 0 0 oy 0 0
o 0 0 0 0 0 0 ozy 0

00 0 0 0 0 0 0 oo3 |

The diagonal terms of P represent variances or mean-squared errors. The off-

diagonal terms are set to be zeros.
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The initial dynamic process noise is set as QQp.

2., O 0 0o 0 0 0
0 0oy O 0O 0 0 0
0 o0%., 0 0 0 0
Qo = 0 0 o5 0 0 0 (5.53)
0 0 0 oz, 0 0
0 0 0 0 0 o2, 0
|0 0 0 0 0 0 o053 |

where the tuning of the diagonal terms of (g determines the performance of the filter.

The initial measurement noise Ry is set by

2, 0 0 0 0 0
0 r3 0 0 0 0
0 0 2, 0 0 O
Ry = (5.54)
0 0 0 72, 0 0
0 0 0 roy 0
0O 0 0 0 0 72

The diagonal terms of Ry are initial measurement noises on INS and GPS position
and velocity.

The filter is implemented at time #; using the DAF. Following the DAF procedures
(5.47) to (5.51):

e At the data fusion time t;_1, the state estimate is X, ;. The projected covariance

matrix is Py_;.

e At the current data fusion time t;, compute the o points using the projected

covariance Pj_1.

o=+/nPp_1 (5.55)

where n is the size of Pj_.
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e Form the matrix y;
Xikk = [Xk-1+ 0, X1 — 0] (5.56)
e Transform each point through the nonlinear state process model as:

Xikk—1 = fr(Xik k) (5.57)

e Compute the predicted mean. Then the estimated errors are used to update the
states. After the correction, the predicted mean state Xy ;_; of the filter should

be reset to zero:

Xix_1 = 1[0,0,0,0,0,0,0,0,0,0]” (5.58)

e The predicted covariance Py j_ is computed as

2n

1
Prjo—1 =5 > Diks-1 = X h-1][Xik o—1 — Xep—1]” + Q (5.59)

=1

where @), is the dynamic noise covariance.

e Compute the filter gain Ky, :
Kip = Py H [HPy 1 H” + Ry (5.60)
with Ry being the measurement noise.
e Since the predicted state is zero, the update state estimate X is computed as:
X = Ky Zy, (5.61)
where 7, is the measurement of this time.
e The update covariance estimate Py is computed by:

P, =[I - KyH|Py )1 (5.62)
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X, is then used to correct the INS velocity, position and quaternions.

The quaternion correction is given by:

Q) =Q; Q) (5.63)

with ® being the quaternion multiplication.
After this filter cycle, the INS will continue to generate navigation data at the IMU

sampling rate until the next GPS fix becomes available.

5.4 Summary

In this chapter, the INS algorithm using quaternions for low cost IMUs has been pre-
sented.

INS provides navigation data with high frequency in between GPS updating. At
each INS navigation step, the INS velocity, position, attitude and quaternions are
updated independently. The quaternions are used to represent both the vehicle attitude
and the misalignment of the computer frame and the platform frame. Quaternion
initialization and update using a 2-step Adams-Bashford method are presented in this
approach.

The initial alignment method with unknown initial attitudes is developed using an
in-motion alignment filter aided by external velocity or position information. In this
approach, the GPS is used as the external information both for alignment and to bound
errors. The INS error propagation models developed in the previous chapter are used
as process models.

The Distribution Approximation Filter is used to solve the nonlinear filter and its
advantages with respect to the EKF are presented.

Experimental results will be presented in the next chapter.



Chapter 6

Experimental Results

6.1 Introduction

This chapter presents the experimental results for the INS algorithms using the psi
angle approach, the quaternion approach and the GPS modelling.

The results of the GPS modelling in the frequency domain are presented in Section
6.2. Model parameters are shown. PSDs of raw GPS position data and the calculated
PSDs using the model parameters are compared with the experimental data obtained
using a standard GPS receiver. Section 6.2.2 validates the GPS model by a set of plots
in the frequency domain and the time domain using the feed back de-correlation filter.

Section 6.3 shows the experimental results to verify the psi angle model and the INS
algorithm for a low cost IMU. The experiment uses a low cost IMU aided by a DGPS.
The results will display how the heading errors are corrected from +180° to £0.1°. INS
alignment and calibration results will be presented in this section.

Section 6.4 outlines the experimental results of the quaternion algorithm developed
in this thesis. INS errors in acceleration, velocity, position, attitude and quaternions
will be presented using this approach.

The experimental procedures were designed based on IEEE standards and other

publications [84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95].

132
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6.2 GPS Position Modelling Results

This section presents the results of the GPS error modelling. The experimental data

were obtained using a standard GPS receiver (Ashtech Sensor II).

6.2.1 Model Results

The GPS receiver module processes signals from the Global Positioning System satel-
lite constellation to provide real-time position, velocity and time measurement using
twelve dedicated separate and parallel channels for Clear/Acquisition (C'/A) code-phase
measurement on the L1 (1575M Hz) band. The standard Sensor IT is designed for
stand-alone range measurement applications. With four locked satellites, Sensor II
can determine a three-dimensional position with an accuracy of 100 metres rms. All
computations are accomplished relative to the World Geodetic System WGS-84 ref-
erence ellipsoid. The direct outputs of the antenna position data are in the WGS-84
earth-centred earth-fixed reference frame.

In order to calculate the position error characteristics, 50 samples of position data
were collected from a known position. Each sample contains data of approximately 30
minutes duration. The known position in the WGS-84 frame is (—4.66x10°, 2.571x10°,
—3.503x10%) meters. The sampling frequency is 10H z.

Figure 6.1 shows the raw position output in three-dimension in the WGS-84 earth-
centred earth-fixed reference frame. The position error noise in each axis is calculated
by subtracting the known position from the raw data as in Figure 6.2.

The PSDs of 50 ensembles are averaged to obtain the mean PSD. The true models
are estimated by fitting curves to these mean PSD curves. The mean PSDs in axes z,

y and z are shown in Figure 6.3, 6.4 and 6.5 respectively.
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Figure 6.1: Position output from Ashtech Sensor II.
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Figure 6.2: Position noise in axes z, y and z.
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Figure 6.3: Power spectral density of position error in axis z.
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Figure 6.4: Power spectral density of position error in axis y.
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Figure 6.5: Power spectral density of position error in axis z.

The results of the PSD models for position errors in axes z, y and z are:

axis « 1] k r

T 0.0018 0.011 0.5 0.0987

y 0.00195 0.015 0.5 0.0523

z 0.00198 0.011 0.5 0.0937

The smooth curves in the Figure 6.6, 6.7 and 6.8 are the estimated PSDs in axes z, y
and z using the estimated models. The measured PSDs are plotted with the estimated

PSDs.

6.2.2 Model Validation

A feedback de-correlation filter using an INS with a noise variance of 1 x 107%(m/s%)?
is used to validate the GPS model. The GPS measurement is basically the entire noise
when the vehicle is stationary. Using the estimated model parameters, the bode plots
of the transfer function from the GPS measurement to the estimated shaping states in
axes z, y and z are shown in Figure 6.9, 6.10 and 6.11 respectively. The gains are 0dB

for the shaping state estimate before the frequency of 10 2rad/ sec .
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Figure 6.8: Measured PSD and estimated PSD in axis z.
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Figure 6.9: Bode plot in axis z.
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Figure 6.11: Bode plot in axis z.



6.2 GPS Position Modelling Results 140

100

80 =

401 RN

meters

_80 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800

Figure 6.12: Time domain performance in axis x using the estimated model.

The filter performance in the time domain is shown in Figure 6.12, 6.13 and 6.14.
It can clearly be seen that the estimated shaping states track the measured GPS noise.

The parameter values of the shaping filter are essential for the de-correlation process.
For instance, a change of the parameter a, with o = 0.003, will generate the degraded
performance shown in Figure 6.15 and 6.16. The dashdot curve in Figure 6.15 is the
estimated shaping state. The solid curve is the measured GPS noise. The change of
the poles in the model produces a large error in the shaping state estimate.

Similar changes can be seen by changing other parameters:

Figure 6.17 Figure 6.18

axis x axis z

r=005 |b=08Fk=1r=0.9
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Figure 6.14: Time domain performance in axis z using the estimated model.
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Figure 6.15: Time domain performance in axis y when the poles of the model change.
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6.3 Experimental Results of the Psi Angle Approach

This section presents the experiment results to verify the INS algorithm using the psi
angle approach for large attitude errors developed in this thesis. The experimental
platform consists of a low cost IMU (Watson IMU) aided by a DGPS (Novatel RT2
receiver). The experiment was conducted using a UTE in outdoor enviroment.

The IMU used in this experiment is a strapdown inertial measurement unit [96]
which contains three gyros, three accelerometers and two tilt gyros. The IMU is in-
stalled directly in the vehicles. The outputs of the IMU are in the body frame of the
vehicle whose origin is defined at the IMU mass centre. The vehicle body frame is
defined as the IMU body frame. Three accelerometers are called accelerometers z, y
and z which are installed in the axes z, y and z of the body frame. The three gyros z, y
and z which are installed in the axes z, y and z of the body frame provide the angular
rate of the vehicle with respect to the body frame. The accelerometers measure the
specific force in the body frame. The tilt gyros provide the bank and the elevation of
the vehicle. The data sampling frequency is 84 Hz. The resolution of the IMU is shown

in the following table:

Angular Rate Gyros | Accelerometers

4.3115x10~*(rad/ sec) | 0.0024m /s>

The resolution and the sensitivity of the angular rate gyros is not enough to measure
the earth rate.

The DGPS provides the position and velocity information in the WGS-84 reference
with an accuracy of 2em CEP and 2c¢m/ sec CEP respectively. The sampling frequency
of the DGPS is 10H z.

The vehicle trajectory in the experimentation is shown in Figure 6.19. It starts
from (0,0) which is the origin of the local level frame. The vehicle moved from (0, 0)
after a stationary period of approximately 12 seconds and returned and stopped at the
starting position.

The outputs of the three accelerometers x, y and z are shown in Figure 6.20. Figure
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Figure 6.19: The vehicle trajectory.

6.21 is the plot of the raw data of the three gyros. They are all in the body frame.
The noise of the DGPS can be modelled as white noise. The shaping filter is not

added to the algorithm. The filter state X using the psi angle approach is defined by:

X =[AVy, AV, AVE AR, ARy, ARS, by 1y 1),

bbb b b b
Vx,Vy,Vz,ex,ey,ez]T (6.1)

where AV = [V7, AV, AVET is the INS velocity error vector in the computer frame,
AR = [ARi,AR;,ARE]T is the INS position error vector in the computer frame,
Y = [ty by 1b;]7 is the psi angle vector which is the angle between the computer frame

and the platform frame, V? = [V?, VZ, V4T is the vector of the accelerometer biases in

b b
;weya

the body frame and €’ = [e €] is the vector of the gyro biases in the body frame.
The filter is initialized with an arbitrary heading between +180°. The system runs
on prediction using IMU data until DGPS information becomes available. At this time
the IMU state is updated and the heading is corrected as shown in Figure 6.22.
Figure 6.23 shows how the heading error diminishes to +1° in approximately 15
seconds. After this stage, the system is switched to the small angle form of the filter.
The position outputs of the INS and the GPS are shown in Figure 6.24. The INS

continually outputs navigation data between two consecutive GPS sampling times. The

GPS information is used to correct the INS velocity, position and DCM at each GPS
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Figure 6.20: Outputs of three accelerometers. The units for the z axes are seconds.
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Figure 6.24: Position outputs of the INS and the GPS after attitude correction. The
INS continually outputs navigation data between two consecutive GPS sampling times.

sampling time.

Tilt and heading errors are within £0.05° as shown in Figure 6.25.

At the end of the run, the vehicle returned to the starting position and stayed
stationary for a few seconds. The acceleration and velocity predicted by the INS should
be zero during this period. The acceleration outputs in the p-frame are shown in Figure
6.26. It can be seen that the accelerations are very close to zero implying that the
alignment procedure is able to correct the transformation matrix or direction cosine
matrix (DCM).

Without DCM correction, only position and velocity errors are corrected. In this
case, the acceleration is not zero at the end of the run as shown in Figure 6.27.

The drift of one of the gyros used in the IMU is shown in Figure 6.28. It can be
appreciated that the random walk is about 0.1 degree/min. To degrade the accuracy
of the unit, an additional random noise plus drift was added to the IMU sensors. The

noise added to the three accelerometers and the three gyros was approximately 3 times
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Figure 6.25: Tilt and heading errors diminish to small angles.
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Figure 6.26: At the end of the run, the acceleration of the INS output in the p—frame
is very close to zero with DCM correction. The unit of the acceleration is m/s?.
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Figure 6.29: The noise added to the three accelerometers and the three gyros was
approximately 3 times larger than the standard noise of the Watson IMU. The unit of
the acceleration noise is m/s?.

larger than the standard noise of the Watson IMU. The drift rate of the perturbed gyro
noise is shown in Figure 6.29 and is now about 0.3 degree/ min.

The alignment results can be seen in Figure 6.30 and Figure 6.31.

At the end of the run, the rotation rate and the acceleration should be close to
zero. In Figure 6.30, the rotation rate without filter calibration in 3 gyros is about
0.3 degree/sec while it is approximately zero with the alignment algorithm. Similar
results are obtained with acceleration as shown in Figure 6.31. The acceleration in the
platform frame at the end is close to zero with the calibration of the filter when the
acceleration is perturbed.

These results prove that the biases in gyros and accelerometers are properly esti-

mated.
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Figure 6.30: The INS rotation rate at the end of the run when the vehicle is stationary
should be zero. The solid curve is the rotation rate after calibration by the filter. It is
close to zero. The ’plus +’ curve is the rotation rate without calibration.
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Figure 6.31: With perturbed acceleration, at the end of the run, the acceleration in the
platform frame is close to zero after calibration by the filter.
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6.4 Experimental Results of the Quaternion Algorithm

The quaternion algorithm developed in this thesis is demonstrated using the experi-
mental results in this section. The experimental data used in the previous section and
shown in Figure 6.19, 6.20 and 6.21 were used to test the algorithm.

The filter state X is given by:
X = [szca Avyca A‘/zca AR:Cm AR;a ARE, qo, 41,92, Q3]T (62)
where

[AVy, AV, AVET is the INS velocity error vector in the computer frame.
[ARZ, ARy, ARSI is the INS position error vector in the computer frame.

(90,1, 2, q3]T is the quaternion representing the error between the computer frame

and the platform frame.

The Distribution Approximation Filter starts with arbitrary initial quaternions.
The vehicle trajectory starts from (0,0) of the local level frame which is at the right
bottom corner of the Figure 6.32. The INS outputs wrong navigation information at the
beginning of the run due to incorrect alignment. The position and heading correction
can be appreciated in this figure after 60 filter iterations, which is about 20 seconds. The
heading error is corrected to less than £2°. Figure 6.33 shows this heading correction.

The quaternion errors are shown in Figure 6.34. After 60 filter iterations which is
approximately 20 seconds, the quaternion errors become very close to [1,0,0,0]”, which
represents a zero rotation between the computer frame and the platform frame. Figure
6.35 is an enhanced view of the four elements of the quaternion errors at around 40
seconds of the vehicle running time.

The accelerations in the three axes of the platform frame are shown in Figure 6.36.
At the end of the run, the true acceleration in the platform should be zero. Figure

6.37 is the enhanced view of the calculated acceleration in the platform frame. The
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Figure 6.32: At the beginning, the INS is uncertain within £180°. After 60 iterations
of the filter, the INS heading error is corrected to less than +5°.
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Figure 6.33: The INS heading error is diminished to small angles after 60 iterations of
the filter.
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Figure 6.35: The enhanced view of the quaternion errors between the filter iteration
100 to 160 which correspond to the vehicle running time 25 seconds to 45 seconds.
The four elements are very close to [1,0,0,0]” which represents quaternions of a zero
rotation from the computer frame to the platform frame.
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Figure 6.36: Accelerations in the three axes of the platform frame. The unit of the plot
is m/s2.

acceleration in axis & and axis z are very close to zero. The error in axis y is about
0.08 m/s2.

The attitude errors in the three axes are shown in Figure 6.38. The tilt errors are
less than £0.04°. The heading errors are within £0.5°.

The velocity and position errors at the end of the run can be seen in Figure 6.39.
The velocity errors are within 0.5m/s2. The position errors are within 0.2m.

Figure 6.40 shows the position curves of the INS and GPS outputs after 170 seconds
of the run. In this run the sampling frequency of the GPS is about 5Hz. The INS
position prediction matches the GPS position plot which is the label “o” in the plot.

Figure 6.41 is an enhanced view of this position match. The INS position output is

as the solid curve. The GPS position output is as the curve “o”.
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Figure 6.40: The solid curve is the INS position output. Curve “0” is the GPS position
output. INS outputs position data with the frequency of 84Hz between two GPS
position outputs.
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two GPS position outputs.

6.5 Summary

The GPS modelling results have verified the modelling theory and techniques in the
frequency domain developed in this thesis.

The experimental results in this chapter have verified the psi angle and the quater-
nion models for low cost INS developed in this thesis.

These results have shown that for a low cost INS with aiding GPS information,
position, velocity and attitude accuracy can be achieved using the INS algorithms in

the psi angle approach and the quaternion approach presented in this thesis.



Chapter 7

Summary and Conclusions

7.1 Introduction

This chapter summarizes the major contributions of this thesis, draws conclusions and
makes suggestions for future research.

In Section 7.2, a chapter by chapter summary of this thesis is presented. Section
7.3 highlights the major contributions of this thesis. Finally, Section 7.4 reviews some

of the limitations of the work and future research in this area is suggested.

7.2 Summary of Each Chapter

Chapter 1 provided the primary motivation for the work carried out in this thesis. It
is argued that INS errors determine the behaviour and the accuracy of an INS. The
error model is the tool for error analysis. Advanced INS algorithms are based on error
modelling. For a low cost INS with less accurate resolution, INS errors are large. INS
error models for large attitude errors are needed.

A short survey of INS error models was given in this chapter. The psi angle approach
or the computer frame approach and the phi angle approach or the true frame approach
are two modelling approaches which were investigated.

This chapter introduced the main research theme of this thesis - the development of

160
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INS error models for large attitude errors in the computer frame approach with both psi
angle form and quaternion form, and the development of two integrated INS algorithms
for a low cost INS. These two algorithms were aided by the GPS. GPS modelling in
the frequency domain was also discussed extensively.

In Chapter 2, the generic INS error propagation models for large attitude errors
in the psi angle approach and the quaternion approach were presented.

A short survey of INS error models was given in Section 2.2. This survey showed
that two approaches have been adopted in the literature: the psi angle approach (or the
computer frame approach) and the phi angle approach (or the true frame approach).
So far, there are no generic error propagation models for three large attitude errors.
All the quaternion error models in the literature are based on small angle assumption.

Section 2.3 developed INS error propagation models for large errors in the psi angle
approach. There are three models: the velocity error model, the position error model
and the attitude model. The attitude errors were presented using three psi angles. In
this case, the three attitude errors can be assumed to be large with uncertainties of
+180°.

It was argued that INS attitude updating using quaternions provides more accuracy,
requires less computation and avoids singularity in computation. This motivated the
development of another set of INS models in quaternion form for large errors in Section
2.4. The computer frame approach was also used in this model. Quaternion errors
were presented using the quaternions between the platform frame and the computer
frame. Differing from other quaternion models, these models make no assumption of
small angle errors.

Chapter 3 presented the identification of GPS error models using frequency domain
techniques.

It is argued that the navigation problem can be generally split into two components:
creating a process model of the host vehicle and understanding or modelling the sensors
to be used. The process model of a navigation system describes the prediction of states

which are typically the position, velocity, attitude and related parameters affecting
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these variables. This chapter detailed the modelling of the GPS measurement which is
used to aid INS navigation.

Section 3.2 reviewed previous work on GPS modelling in the frequency domain. This
review showed that a GPS position error model has not been theoretically developed
in the frequency domain. Section 3.3 derived a GPS position error model. It is proved
that the transfer function of the GPS position error in any frame has the identical poles
and zero as the pseudo-range error. A modelling method using power spectral density
of the noise was presented in Section 3.4. Section 3.5 examined the de-correlation of
the GPS coloured noise. A shaping filter was introduced to the de-correlation filter. An
additional sensor is required for de-correlation. Feedforward filter and feedback filter
with the INS and GPS measurements were analyzed in both the frequency domain and
the time domain to determine the quality of aiding sensors to perform de-correlation.

Chapter 4 designed a low cost INS algorithm with unknown initial conditions using
the psi angle approach in the computer frame.

The INS alignment algorithms were reviewed in Section 4.2. This review showed
that the analytic coarse alignment method and gyrocompassing are the major methods
for self-alignment. They require the measurements of the gravity vector and the earth
rate by three accelerometers and three gyros. In-motion alignment is also used for
INS fine alignment and was reviewed. It is shown that most of the applications in the
literature for in-motion alignment were based on filters with known initial attitudes. For
a low cost IMU with low resolution, the initial attitude errors are large. The algorithms
to solve this problem were reviewed.

In this chapter, a new algorithm was developed in the computer frame approach
that can be used with unknown initial attitudes.

Section 4.3 described the on ground coarse alignment for low cost IMUs. This
algorithm also takes into account the turn-on biases estimation. The coarse initial
direction cosine matrix was formulated.

The solution of unknown initial attitudes was presented in Section 4.4 using an

in-motion alignment algorithm. A filter with error propagation models for large error
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angles in the computer frame was developed. The filter was implemented using the
Extended Kalman Filter (EKF).

Chapter 5 dealt with the issue of developing an INS algorithm for a low cost IMU
using quaternions in the computer frame.

Section 5.2 described independent INS navigation using quaternions. Quaternion
initialization was formulated. A 2-step Adams-Bashford method was introduced for
quaternion update.

The quaternion algorithm to deal with unknown initial attitudes was developed
in Section 5.3. The quaternion errors were exploited using the misalignment of the
computer frame and the platform frame. The entire filter process model structure
and the process noise were presented. The process noise vectors were reconstructed
using the linear combination of the white noise on the accelerometers and gyros in the
body frame. A Distribution Approximation Filter (DAF) was used to implement this
algorithm. The principle and the benefit of the DAF were briefly described.

Chapter 6 presented the experimental results for the INS algorithms using the psi
angle approach, the quaternion algorithm and the GPS modelling.

The results of GPS modelling in the frequency domain were presented in Section
6.2. The GPS model was validated using a set of plots in the frequency domain and
the time domain using a feedback de-correlation filter.

Section 6.3 presented the experimental results to verify the psi angle models and
the INS algorithm for low cost IMUs using these models. The experiment used a low
cost IMU aided by a DGPS. The results demonstrated how the heading errors were
corrected. INS alignment and calibration results were also presented in this section.

Section 6.4 outlined the experimental results of the quaternion algorithm. INS
errors in acceleration, velocity, position, attitude and quaternions were examined.

These results have shown that for a low cost INS with aiding GPS information,
position, velocity and attitude accuracy can be achieved using the INS algorithms

presented in this thesis.
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7.3 Contributions

The major contributions of this thesis are the development of the error models and
the applications of the models to integrated INS algorithms. This section outlines the

individual contributions of this thesis.

7.3.1 INS Error Modelling in Psi Angle Approach

This thesis presents two new INS error propagation models for large angle errors.

Two approaches to generate INS models are investigated in the literature: the psi
angle approach or the computer frame approach and the phi angle approach or the true
frame approach. The two approaches yield identical results. Most of the models in the
literature have assumed that either the three attitude errors are small or the two tilt
errors are small and one heading error is large.

The psi angle approach was used in this thesis for the development of the INS
models. There are three equations in this psi angle model for large attitude errors: the
velocity error propagation equation, the position error propagation equation and the
psi angle equation. This model differs from other models in that it does not rely on
the small angle assumption and can accommodate three large attitude errors. Three
independent states were used to describe the three psi angles in the computer frame.
The model with three small attitude errors becomes a special form of this model. The
model for one large heading error and two small tilt errors is also a special case of the

model.

7.3.2 INS Error Modelling Using the Quaternion Approach

Another important contribution of this thesis is the INS model in quaternion form. The
model equations are also in the computer frame. There are three sets of equations: the
velocity error propagation equation using quaternions, the position error propagation
equation and the quaternion error propagation equation. The model differs from other

quaternion models in the literature in that it makes no assumption of small attitude
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errors. The model is suitable for both small and large angles.

7.3.3 GPS Modelling in Frequency Domain

GPS modelling in the frequency domain is another contribution of this thesis. Unlike
other GPS modelling in previous work that modelled the errors of the pseudo range
and the clock offset, this approach models the GPS position error reported by standard
GPS. The equations of GPS correlated errors in position were derived as second order
systems in the frequency domain. Power spectral density (PSD) plots were used as the
tool to obtain the model parameters.

This thesis also presented a feedback filter and a feedforward filter for GPS error
de-correlation using INS information. The essential requirement for the variance of the

INS noise for de-correlation was presented using frequency domain techniques.

7.3.4 INS Algorithm for Low Cost IMU Using Psi Angle Approach

An important contribution of this thesis is the INS algorithm using the psi angle ap-
proach. This algorithm was designed for a low cost INS whose resolution is low to
perform INS self-alignment. The main contribution is the in-motion alignment to solve
the initial attitude uncertainty.

The algorithm includes raw data process, coarse leveling, in-motion alignment and
calibration. A GPS shaping filter is introduced in the filter model. When a high
accuracy DGPS was used, the error of the DGPS was modelled as white noise. The
filter procedure using the EKF was formulated. After the attitude errors diminish to
small angles, the filter still works using the psi angle model in its small angle form
which is a special case of the psi angle model. The biases of the accelerometers and
gyros were modelled and calibrated in-motion. This algorithm combines INS alignment,

calibration and navigation under one filter.
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7.3.5 INS Algorithm for Low Cost IMU Using Quaternion Model

Another contribution of this thesis is the INS algorithm using the quaternion model
for low cost inertial systems with low resolution which are not able to conduct self-
alignment.

It is argued that computing the INS attitude using quaternions has more advantages
than using Euler angles and the direction cosine matrix. The INS alignment and cali-
bration were implemented in-motion using a nonlinear filter whose process models were
the INS error propagation models using quaternions. To avoid deriving the Jacobian

matrices of the filter, the Distribution Approximation Filter was used in this algorithm.

7.4 Future Work

7.4.1 DGPS Modelling

This thesis developed GPS modelling in the frequency domain. A shaping filter was
described. This GPS model is useful for a stand alone GPS with a position error of 20-
100m. In the experimental implementation of the INS algorithms in this thesis, a high
accuracy DGPS was used instead of a stand alone GPS. The accuracy of this DGPS
was 2cm. The error of this DGPS was modelled as white noise. Future work could
model the DGPS in the frequency domain to achieve higher accuracy of the navigation
system.

In this thesis, a “loose-coupling” mode is used to fuse the INS and GPS. In this
mode the INS and the GPS are treated as navigation systems. The calculated GPS
position and velocity are used. When a “tight-coupling” mode is used, the INS and GPS
receiver are treated as individual sensors. The raw data of the GPS pseudo range and
carrier phase are used directly. Further modelling of these raw data in the frequency

domain could be another interesting area.
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7.4.2 Experimental Implementation of the INS Algorithms with Three
Unknown Attitudes

The INS algorithms developed in this work are theoretically designed for all unknown
attitudes. In the real time experimental implementation, two tilt gyros were available
in the IMU to reduce initial tilt errors to small angles. Only one heading error was
large in the experiment.

Further experimental work could be extended without using tilt gyros.

7.4.3 Self Tuning Filters

In the experimental implementation for these INS algorithms, the performance of the
filters was influenced by the choice of the process noise attributes. Currently, the noise
strengths were chosen by engineering judgement and experience. An important area
for future work could be to develop methods which are able to identify the strengths
of the process noise from the collected raw data. Consequently these future self-tuning

filters could lead to consistent and accurate performance in real time implementation.

7.4.4 Phi Angle Model for Large Attitude Errors

The psi angle approach and the phi angle approach are adopted in the literature. The
psi angle approach in the computer frame was used to develop the INS models and the
integrated algorithms for low cost INS in this thesis.

A phi angle model in the true frame for large attitude errors could be an interesting
research area for future work. The quaternion models for large attitude errors in the

phi angle approach could also be studied in the future.
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